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❜❛ ❡ ♣❡  ❧♦  ✈✐❧✉♣♣♦ ❞❡❧❧❛ ♥✉♦✈❛ ❜✐♦❧♦❣✐❛ ♠♦❧❡❝♦❧❛ ❡✳
■❧ ❉◆❆✱ ❝♦♠❡     ❛ ♦ ❞❡  ♦✱ ❤❛ ✉♥❛    ✉  ✉ ❛ ❛ ❞♦♣♣✐❛ ❡❧✐❝❛✱  ✐♠✐❧❡
❛ ✉♥❛  ❝❛❧❛ ❛ ♣✐♦❧✐ ❞✐ ♣♦  ❛ ❛  ♣✐ ❛❧❡✳ ▲♦  ❝❤❡❧❡  ♦ ❞✐  ✉❡  ❛ ✧ ❝❛❧❛✧  
❝♦♠♣♦  ♦ ❞❛ ③✉❝❝❤❡ ♦ ❡ ✉♥ ❣ ✉♣♣♦ ❢♦ ❢❛ ♦✱ ♠❡♥  ❡ ✐ ♣✐♦❧✐  ♦♥♦ ❝♦♠♣♦  ✐
❞❛  ✉❛   ♦ ❜❛ ✐ ❛③♦ ❛ ❡ ✭❛❞❡♥✐♥❛ ✭❆✮✱ ❝✐ ♦ ✐♥❛ ✭❈✮✱ ❣✉❛♥✐♥❛ ✭●✮ ❡  ✐♠✐♥❛
✭❚✮✮✳ ❖❣♥✐ ❜❛ ❡ ♣ ❡ ❡♥ ❡  ✉ ✉♥ ✜❧❛♠❡♥ ♦  ✐ ❧❡❣❛ ✐♥ ♠♦❞♦ ✉♥✐✈♦❝♦ ❛ ✉♥❛
❜❛ ❡ ❞❡❧ ✜❧❛♠❡♥ ♦ ♦♣♣♦  ♦✿
• ❆ ❛♣♣❛✐❛ ❝♦♥ ❚
• ● ❛♣♣❛✐❛ ❝♦♥ ❈
▲❛ ❞✐ ♣♦ ✐③✐♦♥❡ ✐♥  ❡ ✉❡♥③❛ ❞✐  ✉❡  ❡ ✹ ❜❛ ✐ ❝♦  ✐ ✉✐ ❝❡ ❧✬✐♥❢♦ ♠❛③✐♦♥❡ ❣❡✲
♥❡ ✐❝❛✱ ❧❡❣❣✐❜✐❧❡ ❛   ❛✈❡  ♦ ✐❧ ❝♦❞✐❝❡ ❣❡♥✐ ✐❝♦✱ ❝❤❡ ♥❡ ♣❡ ♠❡  ❡ ❧❛   ❛❞✉③✐♦✲
♥❡ ✐♥ ❛♠♠✐♥♦❛❝✐❞✐✳ ■❧ ❣❡♥❡ ❝♦  ✐ ♣♦♥❞❡ ❛ ✉♥❛ ♣♦ ③✐♦♥❡ ❞✐ ❝♦❞✐❝❡ ❣❡♥✐ ✐❝♦
✷✶ ■♥  ♦❞✉③✐♦♥❡
❛❧❧✬✐♥ ❡ ♥♦ ❞❡❧❧❛  ❡ ✉❡♥③❛ ❞✐ ❉◆❆✳ ■❧ ♣ ♦❝❡  ♦ ❞✐   ❛❞✉③✐♦♥❡ ✭✜❣✉ ❛ ✶✳✶✮
❞❡❧ ❉◆❆ ✐♥ ♣ ♦ ❡✐♥❡ ❛✈✈✐❡♥❡ ✐♥ ❞✉❡ ❢❛ ✐✿
• ▲❛   ❛ ❝ ✐③✐♦♥❡❀
• ▲❛   ❛❞✉③✐♦♥❡❀
❋✐❣✉ ❛ ✶✳✶✿ ■❧ ♣ ♦❝❡  ♦ ❞✐
  ❛❞✉③✐♦♥❡ ❞❡❧ ❉◆❆
▲✬✐♥❢♦ ♠❛③✐♦♥❡ ❝♦♥ ❡♥✉ ❛ ✐♥ ✉♥ ✜❧❛♠❡♥✲
 ♦ ❞✐ ❉◆❆ ✈✐❡♥❡   ❛ ❝ ✐  ❛ ✐♥ ✜❧❛♠❡♥ ♦ ❞✐
❘◆❆ ♠❡  ❛❣❣❡ ♦ ✭♠❘◆❆✮✱ ❝❤❡  ✉❝❝❡  ✐✈❛✲
♠❡♥ ❡ ❡ ❝❡ ❞❛❧ ♥✉❝❧❡♦✱  ✐  ♣♦  ❛  ✉✐  ✐❜♦ ♦✲
♠✐ ❞♦✈❡ ✐♥ ❡ ✈✐❡♥❡ ❧✬❘◆❆ ❞✐   ❛ ♣♦  ♦ ✭ ❘✲
◆❆✮✱ ❝♦  ✐ ✉✐ ♦ ❞❛ ✉♥❛   ✐♣❧❡  ❛ ❞✐ ❜❛ ✐ ❛③♦ ❛✲
 ❡  ♣❡❝✐✜❝❛ ♣❡  ❧✬❛♠♠✐♥♦❛❝✐❞♦ ❝❤❡   ❛ ♣♦  ❛✳
■♥  ✉❡  ♦ ♠♦❞♦ ❣❧✐ ❛♠♠✐♥♦❛❝✐❞✐ ✈❡♥❣♦♥♦ ❛❧✲
❧✐♥❡❛ ✐  ❡❝♦♥❞♦ ❧❛  ❡ ✉❡♥③❛ ✐♥✐③✐❛❧❡ ❞✐ ❉◆❆
❡ ❢♦ ♠❛♥♦ ❧❛ ❝❛ ❡♥❛ ♣❡♣ ✐❞✐❝❛✱ ♦✈✈❡ ♦ ✉♥❛
♣ ♦ ❡✐♥❛✳ ❉✉ ❛♥ ❡ ✐❧ ♣ ♦❝❡  ♦ ❞✐   ❛❞✉③✐♦♥❡
♣♦  ♦♥♦ ❛✈✈❡♥✐ ❡ ❞❡✐ ❝❛♠❜✐❛♠❡♥ ✐✱ ❝❤✐❛♠❛ ❡
♠✉ ❛③✐♦♥✐✱ ❞❡❧❧❛  ❡ ✉❡♥③❛ ❞❡❧❧❡ ❜❛ ✐✱ ❝♦♠❡ ❧✬❛❣❣✐✉♥ ❛✱ ❧❛  ♦  ✐ ✉③✐♦♥❡ ♦ ❧✬❡✲
❧✐♠✐♥❛③✐♦♥❡ ❞✐ ✉♥ ♥✉❝❧❡♦ ✐❞❡✳ ◗✉❡  ♦ ♣♦  ❛ ❛ ❞❡❧❧❡ ♠✉ ❛③✐♦♥✐ ♥❡✐ ❣❡♥✐ ❝❤❡
❝♦❞✐✜❝❛♥♦ ❛❧❝✉♥❡ ♣ ♦ ❡✐♥❡✱ ❝❤❡ ♣♦  ♦♥♦  ✉✐♥❞✐ ❞✐✈❡♥ ❛ ❡ ✐♥❛  ✐✈❡ ♦♣♣✉ ❡
❡  ❡ ❡ ❛❞❞✐ ✐  ✉ ❛ ♠❛♥❝❛♥ ✐✳ ◗✉❡  ♦ ♣✉  ❡  ❡ ❡ ❧❛ ❝❛✉ ❛ ❞❡❧❧✬✐♥ ♦ ❣❡♥③❛
❞✐ ♠♦❧ ❡ ♠❛❧❛  ✐❡ ❣❡♥❡ ✐❝❤❡✳
✸✶ ■♥  ♦❞✉③✐♦♥❡
✶✳✷ ▲❛  ❡❝♥♦❧♦❣✐❛ ❞✐ ❆✛②♠❡  ✐①
❈♦♠❡ ❣✐  ❞❡  ♦ ✐♥ ♣ ❡❝❡❞❡♥③❛ ❧❛ ❜✐♦✐♥❢♦ ♠❛ ✐❝❛ ❝✐ ❝♦♥ ❡♥ ❡ ❞✐ ❢❛ ❡ ❛♥❛✲
❧✐ ✐ ❞❡✐ ❞❛ ✐ ❞✐ ❡ ♣❡ ✐♠❡♥ ✐ ❞✐ ♠✐❝ ♦❛  ❛②✳ ▲❛  ❡❝♥♦❧♦❣✐❛ ❞❡✐ ♠✐❝ ♦❛  ❛②
❝✐ ♣❡ ♠❡  ❡ ❞✐ ♠✐ ✉ ❛ ❡ ❧✬❡ ♣ ❡  ✐♦♥❡ ❣❡♥✐❝❛✱ ✐♥ ❞✐✛❡ ❡♥ ✐ ❝♦♥❞✐③✐♦♥✐✱  ✉
♠✐❣❧✐❛✐❛ ❞✐ ❣❡♥✐  ✐♠✉❧ ❛♥❡❛♠❡♥ ❡✳ ❊ ✐  ♦♥♦ ✈❛ ✐  ✐♣✐ ❞✐ ♠✐❝ ♦❛  ❛② ✐♥
❝♦♠♠❡ ❝✐♦✱ ♠❛ ♥❡❧ ♣ ❡ ❡♥ ❡ ❡❧❛❜♦ ❛ ♦  ✐ ❢❛    ✐❢❡ ✐♠❡♥ ♦  ♦❧♦ ❛❧❧❛  ❡❝♥♦✲
❧♦❣✐❛ ❛  ✐♥❣♦❧♦ ❝❛♥❛❧❡ ♣ ♦❞♦  ❛ ❞❛ ❆✛②♠❡  ✐①✳ ●❧✐ ❡ ♣❡ ✐♠❡♥ ✐ ❛  ✐♥❣♦❧♦
❝❛♥❛❧❡  ♦♥♦ ❝❛ ❛  ❡ ✐③③❛ ✐ ❞❛ ✉♥  ♦❧♦ ❝❛♠♣✐♦♥❡ ♣❡  ❝❤✐♣ ✭✜❣✉ ❛ ✶✳✷✮ ❡
❢♦ ♥✐ ❝♦♥♦ ✉♥❛ ♠✐ ✉ ❛ ❞✐ ❡  ❛ ❡❞ ✐♥❞✐♣❡♥❞❡♥ ❡ ❞❡❧ ❧✐✈❡❧❧♦ ❞✐ ❡ ♣ ❡  ✐♦♥❡
❣❡♥✐❝❛ ✐♥ ✉♥ ❝❛♠♣✐♦♥❡✳
▲❛  ❡❝♥♦❧♦❣✐❛ ❞❡✐ ♠✐❝ ♦❛  ❛② ❛ ❉◆❆  ✐ ❜❛ ❛  ✉❧❧❛ ❝❛♣❛❝✐   ❞✐ ✐❜ ✐❞❛③✐♦✲
♥❡ ❞❡❣❧✐ ❛❝✐❞✐ ♥✉❝❧❡✐❝✐✱ ♦✈✈❡ ♦ ❞✉❡ ✜❧❛♠❡♥ ✐ ❞✐ ❉◆❆  ✐❡ ❝♦♥♦ ❛ ✐❜ ✐❞✐③③❛ ❡
 ❡  ♦♥♦   ❛ ❞✐ ❧♦ ♦ ❝♦♠♣❧❡♠❡♥ ❛ ✐✳ ▲❛  ❡❝♥♦❧♦❣✐❛ ❝♦♥ ✐❞❡ ❛ ❛ ✐♥  ✉❡  ♦
❡❧❛❜♦ ❛ ♦ ✉ ✐❧✐③③❛  ♦♥❞❡ ✭♦ ♣ ♦❜❡✮ ❧✉♥❣❤❡ ❝✐ ❝❛ ✷✺ ♣❛✐❛ ❞✐ ❜❛ ✐ ❝❤❡ ✈❡♥❣♦✲
♥♦ ❜❧♦❝❝❛ ❡  ✉ ✉♥❛  ✉♣❡ ✜❝✐❡ ❞✐ ✈❡  ♦ ✭✜❣✉ ❛ ✶✳✸✮✳ ■♥ ♦❣♥✐ ✈❡  ✐♥♦  ♦♥♦
♣ ❡ ❡♥ ✐ ❛❧❝✉♥❡ ❝❡♥ ✐♥❛✐❛ ❞✐ ♠✐❣❧✐❛✐❛ ❞✐ ✜❧❛♠❡♥ ✐✱ ❝✐❛ ❝✉♥♦ ❞❡✐  ✉❛❧✐ ♣ ❡✲
 ❡♥ ❡ ✐♥ ♠✐❧✐♦♥✐ ❞✐ ❝♦♣✐❡✳ ❖❣♥✐ ❣❡♥❡ ♦  ❡ ✉❡♥③❛ ❣❡♥♦♠✐❝❛ ❞✐ ✐♥ ❡ ❡  ❡  
 ❛♣♣ ❡ ❡♥ ❛ ♦ ❞❛ ✉♥ ♣ ♦❜❡ ❡  ❢♦ ♠❛ ♦ ❞❛ ✶✶ ❛ ✷✵ ❝♦♣♣✐❡ ❞✐ ♣ ♦❜❡ ✭ ♣ ♦❜❡
♣❛✐ ✮✳ ❖❣♥✐ ❝♦♣♣✐❛   ❢♦ ♠❛ ❛ ❞❛ ✉♥ ♣❡ ❢❡❝  ♠❛ ❝❤ ✭ ▼✮ ♣ ♦❜❡ ❡ ❞❛ ✉♥
♠✐ ♠❛ ❝❤ ✭▼▼✮ ♣ ♦❜❡ ❝ ❡❛ ♦ ❝♦♥ ❧❛   ❡❞✐❝❡ ✐♠❛ ❜❛ ❡ ❞✐✈❡  ❛✳ ■❧ ❧✐✈❡❧❧♦
❞✐ ❡ ♣ ❡  ✐♦♥❡ ❞✐ ✉♥ ❣❡♥❡✱ ✐♥  ✉❡  ♦  ✐♣♦ ❞✐  ❡❝♥♦❧♦❣✐❛✱   ♦  ❡♥✉ ♦ ❞❛❧❧✬✐♥✲
 ❡❣ ❛③✐♦♥❡ ❞✐  ✉  ✐ ✐ ❞❛ ✐ ❞❡❧ ♣ ♦❜❡ ❡ ✳
✹✶ ■♥  ♦❞✉③✐♦♥❡
❋✐❣✉ ❛ ✶✳✷✿ ■❧ ●❡♥❡❈❤✐♣
❋✐❣✉ ❛ ✶✳✸✿ ■ ♣ ♦❜❡ ♥❡❧ ●❡♥❡❈❤✐♣ ❛  ❛②
❋✐❣✉ ❛ ✶✳✹✿ ❙❝❛♥ ✐♦♥❡ ❞❡❧ ●❡♥❡❈❤✐♣ ❝♦♥  ❝❛♥♥❡  ❧❛ ❡ 
✺✶ ■♥  ♦❞✉③✐♦♥❡
✶✳✷✳✶ ▲❛ ♠❛  ✐❝❡ ❞❡✐ ❞❛ ✐
❯♥❛ ✈♦❧ ❛ ❝ ❡❛ ♦ ✐❧ ●❡♥❡❈❤✐♣   ❛♠✐ ❡ ✐❜ ✐❞✐③③❛③✐♦♥❡ ❡  ❝❛♥ ✐♦♥❛ ♦ ❝♦♥
❧✬✉ ✐❧✐③③♦ ❞✐ ✉♥♦  ❝❛♥♥❡  ❧❛ ❡ ✱ ♦  ❡♥✐❛♠♦ ❧✬✐♠♠❛❣✐♥❡ ❞✐  ✉  ✐ ❣❧✐  ♣♦  ❝❤❡
 ♦♥♦   ❛ ✐ ❝ ❡❛ ✐ ✭✜❣✉ ❛ ✶✳✹✮✳ ❯♥❛ ✈♦❧ ❛ ❝❤❡     ❛ ❛ ✐❞❡♥ ✐✜❝❛ ❛ ❧❛ ♣♦ ✐✲
③✐♦♥❡ ❞✐  ✉❡  ✐  ♣♦   ✐ ♣✉  ♣❛  ❛ ❡ ❛❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✐♥ ❡♥ ✐   ❞✐ ♦❣♥✐  ♣♦ 
❡ ❛❧ ❝❛❧❝♦❧♦ ❞❡❧ ❜❛❝❦❣ ♦✉♥❞ ❧♦❝❛❧❡✳ ❉❛❧❧✬✐♠♠❛❣✐♥❡  ❝❛♥ ✐♦♥❛ ❛✱  ✉✐♥❞✐✱
 ✐ ♣❛  ❛ ❛❧❧❛ ♠❛  ✐❝❡ ❞✐ ✐♥ ❡♥ ✐  ✱ ❞♦✈❡ ♥❡❧  ❡♥ ♦ ❞❡❧❧❡  ✐❣❤❡ ❛❜❜❜✐❛♠♦ ✐
❞✐✈❡  ✐  ♣♦   ❡ ♥❡❧  ❡♥ ♦ ❞❡❧❧❡ ❝♦❧♦♥♥❡ ❛❜❜✐❛♠♦ ✐ ❞✐✈❡  ✐ ✈❛❧♦ ✐ ❞✐ ✐♥ ❡♥ ✐✲
   ♣❡  ♦❣♥✐  ♣♦ ✳ ◆❡❧ ❝❛ ♦ ♣❛  ✐❝♦❧❛ ❡ ❞❡❧❧❛  ❡❝♥♦❧♦❣✐❛ ❆✛②♠❡  ✐① ✐ ❞❛ ✐
❣ ❡③③✐ ♥♦♥  ♦♥♦ ♣ ❡ ❡♥ ❛ ✐ ❝♦♠❡ ✉♥❛ ♠❛  ✐❝❡ ❞✐ ❞❛ ✐✱ ♠❛  ♦♥♦ ♣ ❡ ❡♥ ❛ ✐
✐♥ ✜❧❡ ✳❈❊▲✱ ✐❧ ❝✉✐ ❢♦ ♠❛ ♦   ✉♥ ✜❧❡ ❞✐  ❡  ♦ ❆❙❈■■✱ ❞❛ ❝✉✐  ✉❝❝❡  ✐✈❛♠❡♥✲
 ❡ ♣♦  ❡♠♦ ♦  ❡♥❡ ❡ ❧❛ ♠❛  ✐❝❡ ❞❡✐ ❞❛ ✐ ✭ ❛❜❡❧❧❛ ✶✳✶✮✳ ◗✉❡  ♦ ❞❛ ❛ ❡   ✐
♣ ❡ ❡♥ ❛ ❝♦♠❡ ✉♥❛ ♠❛  ✐❝❡ ❝♦♥ n  ✐❣❤❡ ❡ p ❝♦❧♦♥♥❡✱ ❞♦✈❡ ♥❡❧  ❡♥ ♦ ❞❡❧❧❡
 ✐❣❤❡  ✐   ♦✈❛♥♦ ✐ ✈❛ ✐ ❣❡♥✐✱ ❧❡ ✉♥✐   ❞✐ ✐♥ ❡ ❡  ❡✱ ❡ ♥❡❧  ❡♥ ♦ ❞❡❧❧❡ ❝♦❧♦♥♥❡
 ✐   ♦✈❛♥♦ ✐ ✈❛ ✐ ❡ ♣❡ ✐♠❡♥ ✐✳
❊①♣✳✶ ❊①♣✳✷ ··· ❊①♣✳♣
●❡♥❡ ✶ x11 x12 ··· x1p
●❡♥❡ ✷ x21 x22 ··· x2p
··· ··· ··· ··· ···
●❡♥❡ ♥ xn1 xn2 ··· xnp
❚❛❜❡❧❧❛ ✶✳✶✿ ❊ ❡♠♣✐♦ ❞✐ ♠❛  ✐❝❡ ❞❡✐ ❞❛ ✐
✻✶ ■♥  ♦❞✉③✐♦♥❡
✶✳✷✳✷ ▲❛ ♥♦ ♠❛❧✐③③❛③✐♦♥❡
❯♥♦ ❞❡✐ ♣✉♥ ✐ ❝ ✐ ✐❝✐ ❞❡✐ ❞❛ ✐ ❞✐ ♠✐❝ ♦❛  ❛②   ❛ ♥❡❧❧❛ ♥♦ ♠❛❧✐③③❛③✐♦♥❡✳
❯♥❛ ♠❛  ✐❝❡ ❞✐ ❞❛ ✐ ❝♦♥ ✐❡♥❡ ✉♥ ♥✉♠❡ ♦ ♠♦❧ ♦ ❛❧ ♦ ❞✐ ❣❡♥✐✱ ❛ ❢ ♦♥ ❡ ❞✐ ✉♥
♥✉♠❡ ♦ ♠♦❧ ♦ ♣✐  ❧✐♠✐ ❛ ♦ ❞✐ ❡ ♣❡ ✐♠❡♥ ✐✳ ❙✐ ♣✉  ❝♦♠♣ ❡♥❞❡ ❡ ❞✉♥ ✉❡
❝♦♠❡ ❛♥❝❤❡ ✉♥ ♣✐❝❝♦❧♦ ❡  ♦ ❡  ✐  ❡♠❛ ✐❝♦ ♣♦  ❛ ❝ ❡❛ ❡ ❞❡❧❧❡ ❞✐  ♦  ✐♦♥✐
 ✐❣♥✐✜❝❛ ✐✈❡ ❞✉ ❛♥ ❡ ❧❛ ❢❛ ❡ ❞✐ ✐♥❢❡ ❡♥③❛✳ ▲❛ ♥♦ ♠❛❧✐③③❛③✐♦♥❡ ❞❡✐ ❞❛ ✐
❛✈✈✐❡♥❡✱  ✉✐♥❞✐✱ ✐♥ ✉♥❛ ❢❛ ❡ ♣ ❡❧✐♠✐♥❛ ❡ ❛❧❧✬✐♥❢❡ ❡♥③❛✳ ▲❛ ♥♦ ♠❛❧✐③③❛③✐♦♥❡
  ❛ ❛  ❛②✱ ❡ ❡❣✉✐ ❛ ♣ ✐♥❝✐♣❛❧♠❡♥ ❡ ♥❡❣❧✐ ❛  ❛② ❛  ✐♥❣♦❧♦ ❝❛♥❛❧❡✱ ♣❡ ♠❡  ❡
❞✐  ✐ ❝♦♥  ❛ ❡ ❞❡❧❧❡ ❞✐✛❡ ❡♥③❡ ❞✐ ✐♥ ❡♥ ✐   ❞♦✈✉ ❡ ❛ ❞✐✈❡  ❡ ♣♦ ❡♥③❡ ❞❡✐
❧❛ ❡  ♦ ❛✐ ♣❛ ❛♠❡  ✐ ❞✐  ❝❛♥ ✐♦♥❡✳ ■♥  ✉❡  ♦ ❝❛ ♦ ❧♦  ❝♦♣♦ ❞✐  ✉❡  ❛
♥♦ ♠❛❧✐③③❛③✐♦♥❡    ✉❡❧❧♦ ❞✐  ❡♥❞❡ ❡ ❝♦♥❢ ♦♥ ❛❜✐❧✐ ✐ ✈❛❧♦ ✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡
❞✐  ✉  ✐ ❣❧✐ ❡ ♣❡ ✐♠❡♥ ✐ ❝♦♥ ✐❞❡ ❛ ✐✳
▲❛ ♠❛❣❣✐♦  ♣❛  ❡ ❞❡❧❧❡ ♣ ♦❝❡❞✉ ❡ ❞✐ ♥♦ ♠❛❧✐③③❛③✐♦♥❡ ♣❡  ❧❛  ✐❞✉③✐♦♥❡
❞❡❣❧✐ ❡  ♦ ✐  ✐  ❡♠❛ ✐❝✐  ✐ ❜❛ ❛  ✉   ❡ ❛  ✉♥③✐♦♥✐✿
•  ♦❝❤✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ♥❡❧❧❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥✲
 ❛❧✐❀
• ■❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐  ♦✈ ❛ ❡ ♣ ❡  ✐  ✐❛  ✐♠✐❧❡ ❛❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐  ♦  ♦
❡ ♣ ❡  ✐❀
• ▲❛ ❞✐✛❡ ❡♥③✐❛❧❡ ❡ ♣ ❡  ✐♦♥❡ ♥♦♥ ❞✐♣❡♥❞❛ ❞❛❧❧❛ ♠❡❞✐❛ ❞❡❧  ❡❣♥❛❧❡✳
✶✳✸ ■ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ✭❉❊●✮
◆❡❣❧✐ ❡ ♣❡ ✐♠❡♥ ✐ ❞✐ ♠✐❝ ♦❛  ❛② ✉♥  ✐ ✉❧ ❛ ♦ ✐♠♣♦  ❛♥ ❡ ❞❡❧❧✬❛♥❛❧✐ ✐ ✐♥✲
❢❡ ❡③✐❛❧❡    ✉❡❧❧♦ ❞❡❧❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐
✼✶ ■♥  ♦❞✉③✐♦♥❡
✭❉❊●✮✳ ❱❡♥❣♦♥♦ ❝❧❛  ✐✜❝❛ ✐ ❝♦♥  ✉❡  ♦ ♥♦♠❡ ✐ ❣❡♥✐ ❝❤❡ ♠♦   ❛♥♦ ✉♥❛
 ✐❣♥✐✜❝❛ ✐✈❛ ❞✐✛❡ ❡♥③❛ ♥❡✐ ❧✐✈❡❧❧✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡ ✐♥ ❞✉❡ ♦ ♣✐  ❣ ✉♣♣✐ ❞✐
❝❛♠♣✐♦♥✐ ❜✐♦❧♦❣✐❝✐ ♦❣❣❡  ♦ ❞✐   ✉❞✐♦✳ ■♥ ❧❡  ❡ ❛ ✉ ❛  ✐   ♦✈❛♥♦ ♠♦❧ ✐  ❡  
❝❤❡ ♣♦  ♦♥♦ ❡  ❡ ❡ ✉ ✐❧✐③③❛ ✐ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞✐  ❛❧✐ ❣❡♥✐✳ ❙✐  ✐♠❛♥❞❛
❛❧ ❈❛♣✐ ♦❧♦ ✷ ♣❡  ✐❧ ❞❡  ❛❣❧✐♦ ❞❡❧❧❡  ❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ✉ ❛ ❡ ✐♥  ✉❡  ♦
❡❧❛❜♦ ❛ ♦✳ ❱❛  ✐❝♦ ❞❛ ♦✱ ✐♥♦❧  ❡✱ ❝❤❡ ✐  ❡   ♣❡  ✐❞❡♥ ✐✜❝❛ ❡ ✐ ❣❡♥✐ ❉❊●
✈❛♥♥♦ ❝♦♥❞♦  ✐  ✉ ♦❣♥✐  ✐♥❣♦❧♦ ❣❡♥❡✳ ■♥ ❛❧  ❡ ♣❛ ♦❧❡ ✈❛ ❡✛❡  ✉❛ ♦ ✉♥  ❡  
♣❡  ♦❣♥✐  ✐❣❛ ❞❡❧❧❛ ♠❛  ✐❝❡ ❞❡✐ ❞❛ ✐ ❡ ♣❡  ♦❣♥✐ ❣❡♥❡  ✐ ❛✈   ✉♥ ❧✐✈❡❧❧♦ ❞✐
 ✐❣♥✐✜❝❛ ✐✈✐  ✳ ■❧ ♥✉♠❡ ♦ ❞❡✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ❞✐♣❡♥❞❡  ✱
 ✉✐♥❞✐✱ ❞❛ ✉♥ ❧✐✈❡❧❧♦  ♦❣❧✐❛ ✭❝✉ ✲♦✛ ✮ ♦❧  ❡ ✐❧  ✉❛❧❡  ✐  ✐✜✉ ❛ ❧✬✐♣♦ ❡ ✐ ❞✐
✉❣✉❛❣❧✐❛♥③❛ ❞❡✐ ✈❛❧♦ ✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡ ♥❡✐ ❞✉❡✱ ♦ ♣✐ ✱ ❣ ✉♣♣✐✳ ❈♦♠❡     ❛✲
 ♦ ♣ ❡❝❡❞❡♥ ❡♠❡♥ ❡ ❞❡  ♦ ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ♣ ❡ ❡♥ ✐ ✐♥ ♦❣♥✐ ❡ ♣❡ ✐♠❡♥ ♦
  ❞❡❧❧✬♦ ❞✐♥❡ ❞✐ ❞❡❝✐♥❡ ❞✐ ♠✐❣❧✐❛✐❛✱ ❡  ✉❡  ♦ ♣♦  ❛ ✐♥❡✈✐ ❛❜✐❧♠❡♥ ❡ ❛ ✉♥
♣ ♦❜❧❡♠❛ ❞✐ ❝♦♥❢ ♦♥ ✐ ♠✉❧ ✐♣❧✐✳ ❊✬ ♥♦ ♦ ❝❤❡ ❧✬✉ ✐❧✐③③♦ ❞✐ ♠♦❧ ✐ ❝♦♥❢ ♦♥ ✐
♠✉❧ ✐♣❧✐ ❝♦♠♣♦  ❛ ✉♥ ✐♥❝ ❡♠❡♥ ♦ ❞❡❧❧✬❡  ♦ ❡ ❞✐ ■  ✐♣♦✱ ✐♥  ✉❛♥ ♦ ❛ ❧✐✈❡❧❧♦
❣❧♦❜❛❧❡✱ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞✐  ✐✜✉ ❛ ❡ ❡  ♦♥❡❛♠❡♥ ❡ ✉♥✬✐♣♦ ❡ ✐ ♥✉❧❧❛ ❛✉♠❡♥✲
 ❛ ❝♦♥ ❧✬❛✉♠❡♥ ❛ ❡ ❞❡✐ ❝♦♥❢ ♦♥ ✐✳ ▼♦❧ ♦  ♣❡  ♦  ✐ ✉ ✐❧✐③③❛♥♦ ♣ ♦❝❡❞✉ ❡
❝❤❡ ❝♦♥  ♦❧❧❛♥♦ ✐❧ ❋❛♠✐❧② ❲✐ ❡ ❊  ♦  ❘❛ ❡ ❬✶✻❪ ✭❋❲❊❘✮✱ ❞❡✜♥✐ ♦ ❝♦♠❡
❧❛ ♣ ♦❜❛❜✐❧✐   ❞✐ ❛✈❡ ❡ ❛❧♠❡♥♦ ✉♥ ❢❛❧ ♦ ♣♦ ✐ ✐✈♦ ❢ ❛  ✉  ✐ ✐  ❡   ❢❛  ✐✱ ❝♦✲
♠❡ ❧❛ ❝♦  ❡③✐♦♥❡ ❞✐ ❇♦♥❢❡  ♦♥✐ ♦ ❧❛ ❝♦  ❡③✐♦♥❡ ❞✐ ❍♦❧♠✲❙✐❞❛❦✳ ❯♥✬❛❧  ❛
 ❡❝♥✐❝❛ ❝❤❡   ♠♦❧ ♦  ♣❡  ♦ ✉ ✐❧✐③③❛ ❛ ♣❡  ❝♦♥  ♦❧❧❛ ❡ ✐❧ ✈❛❧♦ ❡ ❞✐  ♦❣❧✐❛
  ✐❧ ❋❛❧ ❡ ❉✐ ❝♦✈❡ ② ❘❛ ❡ ✭❋❉❘✮✳ ◗✉❡  ♦ ♠❡ ♦❞♦     ❛ ♦ ♣ ♦♣♦  ♦ ♣❡ 
❧❛ ♣ ✐♠❛ ✈♦❧ ❛ ♥❡❧ ✶✾✾✺ ❞❛ ❇❡♥❥❛♠✐♥✐ ❡ ❍♦❝❤❜❡ ❣❬✶✻❪ ❡  ✐ ✉❧ ❛ ❡  ❡ ❡ ✉♥
❜✉♦♥ ❝♦♠♣ ♦♠❡  ♦   ❛ ❧✬❡ ✐❣❡♥③❛ ❞✐  ❡♥❡ ❡  ♦  ♦ ❝♦♥  ♦❧❧♦ ✐❧  ✐ ❝❤✐♦ ❞✐
❝♦♠♠❡  ❡ ❡ ❡  ♦ ✐ ❞✐ ■  ✐♣♦✱ ❝❤❡ ❛✉♠❡♥ ❛ ❝♦♥ ❧✬❛✉♠❡♥ ❛ ❡ ❞❡✐ ❝♦♥❢ ♦♥ ✐✱
✽✶ ■♥  ♦❞✉③✐♦♥❡
❡ ❧❛ ♥❡❝❡  ✐   ❞✐ ❡✈✐ ❛ ❡ ✉♥✬❡❝❝❡  ✐✈❛  ✐❞✉③✐♦♥❡ ❞❡❧❧❛ ♣♦ ❡♥③❛ ❞❡❧  ❡  ✱ ❝❤❡
❞✐♠✐♥✉✐ ❝❡  ✉❛♥ ♦ ♣✐   ✐ ❛❜❜❛  ❛ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞✐  ♦❣❧✐❛ ♣❡  ❧✬❡  ♦ ❡ ❞✐
♣ ✐♠♦  ✐♣♦✳ ■❧ ❋❛❧ ❡ ❉✐ ❝♦✈❡ ② ❘❛ ❡   ❞❡✜♥✐ ♦ ❝♦♠❡ ✐❧ ♥✉♠❡ ♦ ❛  ❡ ♦ ❞✐
❢❛❧ ✐ ♣♦ ✐ ✐✈✐✱ ♦✈✈❡ ♦   ✐❧  ❛♣♣♦  ♦   ❛ ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❝❤❡  ✐ ❞✐❝❤✐❛ ❛♥♦
 ✐❣♥✐✜❝❛ ✐✈✐✱ ♦ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✱  ✉❛♥❞♦ ❧✬✐♣♦ ❡ ✐ ♥✉❧❧❛   ✈❡ ❛ ❡
✐❧ ♥✉♠❡ ♦  ♦ ❛❧❡ ❞✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛♠❡♥ ❡ ❡ ♣ ❡  ✐✳ ❉❛  ✉❡  ♦ ♥❡ ❝♦♥ ❡❣✉❡
❝❤❡  ❡♥❡ ❡ ✉♥❛  ♦❣❧✐❛ ❞✐ ❋❉❘ ❜❛  ❛ ❡ ✉✐✈❛❧❡ ❛  ❡♥❡ ❡ ❜❛  ❛ ❧❛ ♣ ♦❜❛❜✐❧✐  
❞✐ ♦  ❡♥❡ ❡ ❢❛❧ ✐ ♣♦ ✐ ✐✈✐✳
✶✳✹ ▲♦   ✉❞✐♦  ♦♣♦❧♦❣✐❝♦ ❞❡✐ ♣❛ ❤✇❛②
❯♥❛ ✈♦❧ ❛  ✈♦❧ ❛ ❧✬❛♥❛❧✐ ✐ ❞✐✛❡ ❡♥③✐❛❧❡  ✐ ♦  ✐❡♥❡ ✉♥❛ ❧✐  ❛ ❞✐  ✉❛❧❝❤❡ ❝❡♥✲
 ✐♥❛✐❛ ❞✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✳ ▲❛ ❢❛ ❡ ❞✐ ✐♥ ❡ ♣ ❡ ❛③✐♦♥❡ ❞❡✐
 ✐ ✉❧ ❛ ✐✱  ✉✐♥❞✐✱  ✐ ✉❧ ❛ ♠♦❧ ♦ ❝♦♠♣❧❡  ❛  ♦♣ ❛  ✉  ♦ ♥❡❧ ❝❛ ♦ ✐♥ ❝✉✐ ✐❧
♣ ♦❜❧❡♠❛ ❜✐♦❧♦❣✐❝♦   ✉❞✐❛ ♦  ✐❛ ♣♦❝♦ ♥♦ ♦✳ ❙✐ ❝❡ ❝❛ ❞✐  ✐ ♦❧✈❡ ❡  ✉❡  ♦
♣ ♦❜❧❡♠❛ ✉ ✐❧✐③③❛♥❞♦ ❧❡ ❛♥♥♦ ❛③✐♦♥✐ ❢✉♥③✐♦♥❛❧✐ ❞❡✐ ❣❡♥✐ ✉ ❛♥❞♦ ❧❛ ●❡♥❡
❖♥ ♦❧♦❣② ♦♣♣✉ ❡ ✐❧ ❞❛ ❛❜❛ ❡ ❞✐ ♣❛ ❤✇❛② ❑❊●● ✭♣❛  ❡ ❞❡❧❧❛ ❑②♦ ♦ ❊♥✲
❝②❝❧♦♣❡❞✐❛ ♦❢ ●❡♥❡  ❛♥❞ ●❡♥♦♠  ✮ ❝♦♥ ✐  ✉❛❧✐  ✐ ❝❡ ❝❛ ❞✐  ❛❣❣ ✉♣♣❛ ❡ ✐
❣❡♥✐ ✐♥ ❝❛ ❡❣♦ ✐❡✳ ❈♦♥  ✉❡  ♦  ✐♣♦ ❞✐ ❛♥❛❧✐ ✐  ✐ ❝❡ ❝❛ ❞✐  ✐❝♦   ✉✐ ❡ ✐❧ ✜  ♦
 ❝❛♠❜✐♦ ❞✐ ✐♥❢♦ ♠❛③✐♦♥✐ ❢ ❛ ✐ ❣❡♥✐ ❝❤❡ ❛✈✈✐❡♥❡ ✐♥ ✉♥❛ ❝❡  ❛ ❝♦♥❞✐③✐♦♥❡  ♣❡✲
 ✐♠❡♥ ❛❧❡✳ ■❧ ❞❛ ❛❜❛ ❡ ❑❊●●✱ ❝❤❡ ✈❡    ✉ ✐❧✐③③❛ ❛ ♦ ❛♥❝❤❡ ♥❡❧❧❡ ❛♥❛❧✐ ✐
 ✉❝❝❡  ✐✈❡✱ ❝♦♥ ✐❡♥❡ ✐♥❢♦ ♠❛③✐♦♥✐  ✉✐ ♣❡ ❝♦  ✐ ❞✐ ❝♦✲ ❡❣♦❧❛③✐♦♥❡ ❝❤❡  ♦♥♦
❛❧❧❛ ❜❛ ❡ ❞❡❧❧❛   ❛ ♠✐  ✐♦♥❡ ❞❡❧  ❡❣♥❛❧❡ ❣❡♥❡ ✐❝♦✳ ■♥ ❡  ❛  ♦♥♦ ♣ ❡ ❡♥ ✐
❧❡ ♠❛♣♣❡ ✭❝❤✐❛♠❛ ❡ ♣❛ ❤✇❛②✮ ❝❤❡ ✈✐ ✉❛❧✐③③❛♥♦ ✐♥ ♠♦❞♦ ❣ ❛✜❝♦ ✐ ❞✐✛ ❡♥✲
 ✐ ❧✐✈❡❧❧✐ ❞✐ ✐♥ ❡ ❛③✐♦♥❡ ❢ ❛ ✐ ❣❡♥✐✳ ◗✉❡  ❡ ✐♥❢♦ ♠❛③✐♦♥✐ ❝✐ ❝♦♥ ❡♥ ♦♥♦ ❞✐
✾✶ ■♥  ♦❞✉③✐♦♥❡
 ❡❛❧✐③③❛ ❡ ❧❡ ❛♥❛❧✐ ✐ ❞✐ ●❡♥❡ ❙❡ ✱ ♦ ❛♥❛❧✐ ✐ ❢✉♥③✐♦♥❛❧✐✱ ♦✈✈❡ ♦ ✉♥  ✐♣♦ ❞✐
❛♥❛❧✐ ✐ ❝❤❡ ♠✐ ❛ ❛❞ ✐❞❡♥ ✐✜❝❛ ❡ ♥❡❧❧❛ ❧✐  ❛ ❞✐ ❣❡♥✐ ❉❊● ♣❛  ✐❝♦❧❛ ✐ ✐♥❢♦ ✲
♠❛③✐♦♥✐ ❜✐♦❧♦❣✐❝❤❡✳ ◗✉❡  ♦ ❣❡♥❡ ❡ ❞✐ ❛♥❛❧✐ ✐  ✐ ❞✐✈✐❞♦♥♦ ❡  ❡♥③✐❛❧♠❡♥ ❡
✐♥ ❞✉❡  ✐♣✐✿
• ◗✉❡❧❧❡ ❝❤❡  ♦✈ ❛♣♣♦♥❣♦♥♦  ❡♠♣❧✐❝❡♠❡♥ ❡ ❧❛ ❧✐  ❛ ❞✐ ❣❡♥✐ ❉❊● ❛❧❧❡
♠❛♣♣❡ ❞✐ ❝♦✲ ❡❣♦❧❛③✐♦♥❡✱ ❖✈❡  ❘❡♣ ❡ ❡♥ ❛ ✐♦♥ ❆♥❛❧② ✐  ✭❖❘❆✮ ❀
• ◗✉❡❧❧❡ ❝❤❡ ❝❡ ❝❛♥♦ ❞✐ ❛  ♦❝✐❛ ❡ ✉♥ ♣❛ ❛♠❡  ♦   ❛ ✐  ✐❝♦ ❛❞ ✉♥ ♣❛ ❤✲
✇❛② ❝❤❡  ✐❛ ❡ ♣❧✐❝❛ ✐✈♦ ♥♦♥  ♦❧♦ ❞❡❧❧❡ ❞✐✛❡ ❡♥③❡ ❞✐ ❡ ♣ ❡  ✐♦♥❡✱ ♠❛
❛♥❝❤❡ ❞❡❧❧❛ ❧♦ ♦ ♣♦ ✐③✐♦♥❡  ♦♣♦❧♦❣✐❝❛✳
❯♥ ♣❛ ❤✇❛② ♠❡ ❛❜♦❧✐❝♦ ✭✜❣✉ ❛ ✶✳✺✮   ✉♥ ❞✐❛❣ ❛♠♠❛ ♥❡❧  ✉❛❧❡  ♦♥♦  ❛♣✲
♣ ❡ ❡♥ ❛ ❡ ❧❡  ❡❛③✐♦♥✐ ❝❤✐♠✐❝❤❡ ❝♦✐♥✈♦❧ ❡ ✐♥ ✉♥♦ ♦ ♣✐  ♣ ♦❝❡  ✐ ❝❡❧❧✉❧❛ ✐✳
■  ✐♥❣♦❧✐ ♣❛  ✐ ❞❡❧ ♣❛ ❤✇❛②  ♦♥♦  ❡❛③✐♦♥✐✱ ❝❛ ❛❧✐③③❛ ❡ ♥❡❧❧❛ ♠❛❣❣✐♦  ♣❛  ❡
❞❡✐ ❝❛ ✐ ❞❛ ❡♥③✐♠✐✱ ❝❤❡ ❛❣✐ ❝♦♥♦  ✉ ✉♥❛ ♠♦❧❡❝♦❧❛ ❞✐ ♣❛  ❡♥③❛✱ ❝❤✐❛♠❛ ❛
 ✉❜   ❛ ♦✱   ❛ ❢♦ ♠❛♥❞♦❧❛ ✐♥ ✉♥ ♣ ♦❞♦  ♦✱ ✐❧  ✉❛❧❡  ❛   ✉ ✐❧✐③③❛ ♦ ❛  ✉❛
✈♦❧ ❛ ❝♦♠❡  ✉❜   ❛ ♦ ❛❧ ♣❛  ♦  ✉❝❝❡  ✐✈♦ ❞❡❧❧❛  ❡❛③✐♦♥❡ ❝❤✐♠✐❝❛✳ ■❧ ♣❛ ❤✲
✇❛② ✐♥ ♣❛  ✐❝♦❧❛ ❡ ♣✉  ❡  ❡ ❡   ✉❞✐❛ ♦ ❞❛ ✉♥ ♣✉♥ ♦ ❞✐ ✈✐  ❛    ✉  ✉ ❛❧❡
❛   ❛✈❡  ♦ ✉♥ ♠♦❞❡❧❧♦ ❜❛ ❛ ♦  ✉✐ ❣ ❛✜✳ ❯ ✐❧✐③③❛ ❡ ✉♥ ❣ ❛❢♦ ♣❡  ♠♦❞❡❧❧❛ ❡
✉♥❛  ❡ ❡ ♠❡ ❛❜♦❧✐❝❛ ✭♦ ♥❡ ✇♦ ❦✮  ✐❣♥✐✜❝❛  ❝❡❣❧✐❡ ❡  ✉❛❧✐ ❡♥ ✐   ❜✐♦❧♦❣✐❝❤❡
❛  ♦❝✐❛ ❡ ❛ ♥♦❞✐ ❡ ❛ ❝❤✐✳ ❯♥ ♥❡ ✇♦ ❦ ♠❡ ❛❜♦❧✐❝♦ ✭✜❣✉ ❛ ✶✳✻✮✱  ✉✐♥❞✐✱  
✉♥ ✐♥ ✐❡♠❡ ❞✐ ♥♦❞✐ ❝♦  ✐ ✉✐ ✐ ❞❛ ♣ ♦❞♦  ✐ ❣❡♥✐❝✐✱ ✐♥ ♣❛  ✐❝♦❧❛ ❡ ♣ ♦ ❡✐♥❡✱
♠❛ ❛♥❝❤❡ ❘◆❆ ❡ ❝♦♠♣❧❡  ✐✱  ❡❧❛③✐♦♥❛ ✐   ❛ ❞✐ ❧♦ ♦   ❛♠✐ ❡ ❛ ❝❤✐ ♦ ✐❡♥ ❛ ✐
❛  ❡❝♦♥❞❛ ❞❡❧  ✐♣♦ ❞✐ ✐♥ ❡ ❛③✐♦♥✐ ❢✉♥③✐♦♥❛❧✐ ❞❛ ❝✉✐  ♦♥♦ ❧❡❣❛ ❡✳
✶✵✶ ■♥  ♦❞✉③✐♦♥❡
✶✳✺ ❙❝♦♣♦ ❞❡❧❧❛  ❡ ✐
❈♦♠❡ ❞❡  ♦ ♣ ❡❝❡❞❡♥ ❡♠❡♥ ❡ ✐❧ ♣❛ ❤✇❛②✱ ❝❤❡ ❢♦ ♥✐ ❝❡ ✐♠♣♦  ❛♥ ✐ ✐♥❢♦ ✲
♠❛③✐♦♥✐  ✉❧❧❛ ❝♦  ❡❧❛③✐♦♥❡ ❡ ✐  ❡♥ ❡   ❛ ✐ ❣❡♥✐✱    ❛♣♣ ❡ ❡♥ ❛ ♦ ❝♦♠❡ ✉♥
❣ ❛❢♦ ✐ ❝✉✐ ♥♦❞✐ ❝♦  ✐ ♣♦♥❞♦♥♦ ♠♦❧ ♦  ♣❡  ♦ ❛ ♣ ♦❞♦  ✐ ❣❡♥✐❝✐✳ ◗✉❡  ✐
♣♦  ♦♥♦ ❡  ❡ ❡ ❞✐✈✐ ✐ ✐♥ ❞✉❡  ✐♣✐✿
• ❝♦♠♣❧❡  ✐ ♣ ♦ ❡✐❝✐ ✭❣ ✉♣♣✐ ❆◆❉✮✱ ❝❤❡ ♣♦  ♦♥♦ ❡  ❡ ❡ ❡ ♣❛♥ ✐ ✐♥
❝❧✐ ✉❡  ✐♥ ❝✉✐  ✉  ❡ ❧❡ ♣ ♦ ❡✐♥❡  ♦♥♦ ❝♦❧❧❡❣❛ ❡   ❛ ❞✐ ❧♦ ♦❀
• ❣ ✉♣♣✐ ❝♦♥ ❡❧❡♠❡♥ ✐   ❛ ❞✐ ❧♦ ♦  ♦  ✐ ✉✐❜✐❧✐✱ ❝♦♠❡ ❛❞ ❡ ❡♠♣✐♦ ❧❡ ❢❛✲
♠✐❣❧✐❡ ❣❡♥✐❝❤❡ ♦ ❣❡♥✐ ❝❤❡ ❤❛♥♥♦ ❢✉♥③✐♦♥✐ ❜✐♦❝❤✐♠✐❝❤❡  ✐♠✐❧✐ ✭❣ ✉♣♣✐
❖❘✮✳
■❧ ❢❛  ♦ ❞✐  ❡♥❡  ❝♦♥ ♦ ❞❡❧❧❛ ♣ ❡ ❡♥③❛ ❞✐  ✉❡  ✐ ❞✐✈❡  ✐  ✐♣✐ ❞✐ ♣ ♦❞♦  ✐
❣❡♥✐❝✐✱ ♣♦  ❛ ❛❞ ❛✈❡ ❡ ❞❡❧❧❡   ✐♠❡ ♣✐  ♣ ❡❝✐ ❡ ♥❡❧❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞✐  ♦  ♦✲
❣ ✉♣♣✐ ❣❡♥✐❝✐   ❡❣♦❧❛ ✐ ❡  ✐❡ ❝❡ ❛ ❡✈✐❞❡♥③✐❛ ❡  ✉❡✐  ❡❣♥❛❧✐ ❝❤❡✱ ❛❧❧✬✐♥ ❡ ♥♦
❞❡❧ ♣❛ ❤✇❛②✱  ♦♥♦ ♣✐  ❝♦✐♥✈♦❧ ✐ ♥❡❧❧❛  ✉❛   ❡❣♦❧❛ ❡③③❛✳ ■❧ ♣❛ ❤✇❛②✱ ✐♥
 ✉❡  ♦ ♠♦❞♦✱ ♣❡   ❞✐✈❡♥ ❛ ♠♦❧ ♦ ♣✐  ❝♦♠♣❧❡  ♦ ♥♦♥  ♦❧♦ ❞❛ ✉♥ ♣✉♥ ♦
❞✐ ✈✐  ❛  ♦♣♦❧♦❣✐❝♦✱ ♠❛ ❛♥❝❤❡ ❝♦♠♣✉ ❛③✐♦♥❛❧❡✳ ▲✬✐♥ ❡ ❡  ❡ ❞✐  ✉❡  ♦ ❡❧❛✲
❜♦ ❛ ♦    ✉❡❧❧♦ ❞✐ ❝❡ ❝❛ ❡ ❡ ✈❛❧✉ ❛ ❡ ✉♥ ♠❡ ♦❞♦ ❝❤❡ ❝♦♥ ❡♥ ❛✱ ♣❛  ❡♥❞♦
❞❛ ✉♥ ♣❛ ❤✇❛② ✐♥ ❝✉✐  ✐❛ ✐ ❣ ✉♣♣✐ ❆◆❉ ❝❤❡ ❖❘  ♦♥♦   ❛ ✐ ❡ ♣❛♥ ✐✱ ❞✐
 ❡♠♣❧✐✜❝❛ ❡ ❧❛    ✉  ✉ ❛ ❞❡❧ ♣❛ ❤✇❛② ♣❡   ❡♥❞❡ ❡  ✉✐♥❞✐ ❛♥❝❤❡ ♣✐  ✈❡❧♦❝❡
❧✬❛♥❛❧✐ ✐✳ ■❧ ♣❛ ❤✇❛② ❝♦♥ ✐❞❡ ❛ ♦    ✉❡❧❧♦ ❞✐ ❈❤ ♦♥✐❝ ▼②❡❧♦✐❞ ▲❡✉❦❡♠✐❛✳
▲❛ ❧❡✉❝❡♠✐❛ ♠✐❡❧♦✐❞❛❧❡ ❝ ♦♥✐❝❛   ✉♥❛ ❞❡❧❧❡ ♣ ✐♠❡ ♠❛❧❛  ✐❡ ♣❡  ❝✉✐  ✐  
✐♥❞✐✈✐❞✉❛ ❛ ✉♥❛  ♣❡❝✐✜❝❛ ❛♥♦ ♠❛❧✐   ❝ ♦♠♦ ♦♠✐❝❛   ❛ ❧❡  ✉❡ ❝❛✉ ❡✳ ◆❡❧❧♦
 ♣❡❝✐✜❝♦ ❧❛   ❛ ❧♦❝❛③✐♦♥❡ ❞❡❧ ❣❡♥❡ ❆❇▲ ❞❛❧ ❝ ♦♠♦ ♦♠❛ ✾ ❛❧ ❝ ♦♠♦ ♦♠❛
✶✷✶ ■♥  ♦❞✉③✐♦♥❡
✷✷ ❝♦♥ ❝♦♥ ❡❣✉❡♥ ❡ ❢♦ ♠❛③✐♦♥❡ ❞✐ ✉♥ ❣❡♥❡ ❝❤✐♠❡ ❛✳
❙✐  ♦♥♦ ❝♦♥ ✐❞❡ ❛ ❡✿
• ■❧ ❞❛ ❛ ❡   ❡❧❛ ✐✈♦ ❛❧ ♣❛ ❤✇❛② ✧❈❤ ♦♥✐❝ ▼②❡❧♦✐❞ ▲❡✉❦❡♠✐❛✧ ✐♥ ❝✉✐ ✐
❣ ✉♣♣✐ ❆◆❉ ❡ ✐ ❣ ✉♣♣✐ ❖❘  ♦♥♦   ❛ ✐ ❡ ♣❛♥ ✐ ✭♥❡❧  ❡❣✉✐ ♦ ✧■♥✐③✐❛✲
❧❡✧✮❀
• ■❧ ❞❛ ❛ ❡  ✐♥ ❝✉✐ ✐ ❣ ✉♣♣✐ ❆◆❉ ❡ ❖❘  ♦♥♦  ❛♣♣ ❡ ❡♥ ❛ ✐ ❞❛❧❧❛ ♠❡❞✐❛
❞❡✐ ❣❡♥✐ ❝❤❡ ❧✐ ❝♦♠♣♦♥❣♦♥♦ ✭✧▼❡❞✐❡✧✮❀
• ■❧ ❞❛ ❛ ❡  ✐♥ ❝✉✐ ✐ ❣ ✉♣♣✐ ❖❘  ♦♥♦  ❛♣♣ ❡ ❡♥ ❛ ✐ ❞❛❧ ❣❡♥❡ ❝❤❡ ♠♦   ❛
✉♥❛ ♠❛❣❣✐♦ ❡ ❞✐✛❡ ❡♥③✐❛❧❡ ❡ ♣ ❡  ✐♦♥❡ ✐♥ ♠❡❞✐❛ ♥❡❧❧❡ ❞✉❡ ❝♦♥❞✐③✐♦✲
♥✐  ♣❡ ✐♠❡♥ ❛❧✐✱ ♠❡♥  ❡ ✐ ❣ ✉♣♣✐ ❆◆❉ ✈❡♥❣♦♥♦  ❛♣♣ ❡ ❡♥ ❛ ✐  ❡♠✲
♣ ❡ ❛   ❛✈❡  ♦ ❧❛ ♠❡❞✐❛  ❡♠♣❧✐❝❡ ✭✧▼❡❞✐❡ ❡ ▼❛  ✐♠❛ ❉✐✛❡ ❡♥③✐❛❧❡
❊ ♣ ❡  ✐♦♥❡✧✮❀
• ■❧ ❞❛ ❛ ❡  ✐♥ ❝✉✐  ✐❛ ✐ ❣ ✉♣♣✐ ❆◆❉ ❝❤❡ ❖❘  ♦♥♦  ❛♣♣ ❡ ❡♥ ❛ ✐ ❞❛❧ ❣❡✲
♥❡ ❝❤❡ ♠♦   ❛ ✉♥❛ ♠❛❣❣✐♦ ❡ ❞✐✛❡ ❡♥③✐❛❧❡ ❡ ♣ ❡  ✐♦♥❡ ✐♥ ♠❡❞✐❛ ♥❡❧❧❡
❞✉❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐ ✭✧▼❛  ✐♠❛ ❉✐✛❡ ❡♥③✐❛❧❡ ❊ ♣ ❡  ✐♦♥❡✧✮❀
• ■❧ ❞❛ ❛ ❡  ✐♥ ❝✉✐ ❡♥  ❛♠❜❡ ❧❡  ✐♣♦❧♦❣✐❡ ❞✐ ❣ ✉♣♣✐ ✈❡♥❣♦♥♦ ❡ ♣ ❡  ❡
 ❡❝♦♥❞♦ ✐❧ ♠❡ ♦❞♦ ❞❡❧❧❡ ❝♦♠♣♦♥❡ ✐ ♣ ✐♥❝✐♣❛❧✐ ✭✧❈♦♠♣♦♥❡♥ ❡   ✐♥✲
❝✐♣❛❧❡✧✮❀
❙✉  ✉❡  ✐ ❝✐♥ ✉❡ ❞❛ ❛ ❡   ♦♥♦   ❛ ❡  ✈♦❧ ❡ ❧❡   ❡  ❡ ❛♥❛❧✐ ✐✱ ♦✈✈❡ ♦ ✐❞❡♥✲
 ✐✜❝❛③✐♦♥❡ ❞❡✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ❡ ❛♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐
♣❛ ❤✇❛② ❝♦♥ ❚♦♣♦❧♦❣②●❙❆ ❡ ❙ ■❆✳ ❙♦♥♦   ❛ ✐ ❝♦♥❢ ♦♥ ❛ ✐ ♣♦✐ ✐  ✐ ✉❧ ❛ ✐
♦  ❡♥✉ ✐ ❞❛❧❧❡  ✉❛   ♦ ♠❛  ✐❝✐  ❡♠♣❧✐✜❝❛ ❡ ❝♦♥  ✉❡❧❧✐ ♦  ❡♥✉ ✐ ❞❛❧❧❛ ♠❛  ✐✲
✶✸✶ ■♥  ♦❞✉③✐♦♥❡
❝❡ ❞❡✐ ❞❛ ✐ ✐♥✐③✐❛❧❡✳ ❯♥♦  ❝❤❡♠❛ ❣❡♥❡ ❛❧❡ ❞✐ ❝♦♠❡     ❛ ❛  ✈♦❧ ❛ ❧✬❛♥❛❧✐ ✐
  ✐♥❞✐❝❛ ♦ ✐♥ ✜❣✉ ❛ ✶✳✺✳
❋✐❣✉ ❛ ✶✳✺✿ ❙  ✉  ✉ ❛ ❞❡❧❧✬❛♥❛❧✐ ✐  ✈♦❧ ❛
✶✹✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡ 
❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
✷✳✶ ■♥  ♦❞✉③✐♦♥❡
❈♦♠❡ ❣✐  ❛❝❝❡♥♥❛ ♦✱ ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐  
✉♥♦ ❞❡✐  ✐ ✉❧ ❛ ✐ ❞✐ ♠❛❣❣✐♦  ✐♥ ❡ ❡  ❡  ✉❛♥❞♦  ✐ ♣❛ ❧❛ ❞✐ ❡ ♣❡ ✐♠❡♥ ✐ ❞✐
♠✐❝ ♦❛  ❛②✳ ◗✉❡  ❛ ❢❛ ❡ ✐♥❢❡ ❡♥③✐❛❧❡✱ ❝❤❡ ❛✈✈✐❡♥❡  ✉❝❝❡  ✐✈❛♠❡♥ ❡ ❛❧❧❛
❢❛ ❡ ❞✐ ♥♦ ♠❛❧✐③③❛③✐♦♥❡✱ ❤❛ ❧♦  ❝♦♣♦✱ ❞✉♥ ✉❡✱ ❞✐ ✐♥❞✐✈✐❞✉❛ ❡ ✐ ❣❡♥✐ ❝❤❡
❤❛♥♥♦ ✉♥ ✈❛❧♦ ❡ ❞✐ ❡ ♣ ❡  ✐♦♥❡  ✐❣♥✐✜❝❛ ✐✈❛♠❡♥ ❡ ❞✐✈❡  ♦   ❛ ❞✉❡ ♦ ♣✐ 
❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐✳ ▲✬✐♣♦ ❡ ✐ ♥✉❧❧❛✱ ❞❡❧  ✐  ❡♠❛ ❞✬✐♣♦ ❡ ✐ ❛ ❝✉✐ ❝✐  ✐
 ✐❢❡ ✐ ❝❡✱ ❡ ♣ ✐♠❡ ❧✬✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧✬❡ ♣ ❡  ✐♦♥❡ ❞❡❧ ❣❡♥❡ g ♥❡❧❧❡ ❞✉❡ ❝♦♥❞✐✲
③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐ ❡ ❧✬✐♣♦ ❡ ✐ ❛❧ ❡ ♥❛ ✐✈❛ ♥❡  ❛♣♣ ❡ ❡♥ ❛ ❧❛  ✉❛ ♥❡❣❛③✐♦♥❡✳
❋♦ ♠❛❧✐③③❛♥❞♦  ✐ ❤❛✿
H0,g : µx(g) = µy(g) ✭✷✳✶✮
H1,g : µx(g)  = µy(g)
✶✺✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
❝♦♥ g = 1,...,n✱ ❞♦✈❡ µx(g)   ✐❧ ✈❛❧♦ ❡ ❛  ❡ ♦ ❞❡❧❧✬❡ ♣ ❡  ✐♦♥❡ ❞❡❧ ❣❡♥❡
g ♥❡❧❧❛ ♣ ✐♠❛ ❝♦♥❞✐③✐♦♥❡ ❡ µy(g)   ✐❧ ✈❛❧♦ ❡ ❛  ❡ ♦ ❞❡❧❧✬❡ ♣ ❡  ✐♦♥❡ ❞❡❧
❣❡♥❡ g ♥❡❧❧❛  ❡❝♦♥❞❛ ❝♦♥❞✐③✐♦♥❡✳ ■♥ ❧❡  ❡ ❛ ✉ ❛ ❡ ✐  ♦♥♦ ✈❛ ✐  ✐♣✐ ❞✐  ❡  
✉ ✐❧✐③③❛ ✐ ❝♦♥ ❧♦  ❝♦♣♦ ❞✐ ✐❞❡♥ ✐✜❝❛ ❡ ✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✱
❝❤❡ ❛❞♦  ❛♥♦  ✐❛ ✉♥ ❛♣♣ ♦❝❝✐♦ ♣❛ ❛♠❡  ✐❝♦ ❝❤❡ ♥♦♥ ♣❛ ❛♠❡  ✐❝♦✱ ♠❛ ✐♥
 ✉❡  ♦ ❡❧❛❜♦ ❛ ♦ ✈❡    ✐♥  ♦❞♦  ❛  ♦❧♦ ❧❛ ♣❛  ❡  ❡❧❛ ✐✈❛ ❛✐ ♠♦❞❡❧❧✐ ❧✐♥❡❛ ✐
♣❡  ❞❛ ✐ ❞✐ ♠✐❝ ♦❛  ❛② ✭✐♥  ✉❛♥ ♦ ✈❡  ❛♥♥♦ ✉ ✐❧✐③③❛ ✐ ♣♦✐ ♥❡❧❧❡ ❛♥❛❧✐ ✐
 ✉❝❝❡  ✐✈❡✮✳ ❱❛  ✐❝♦ ❞❛ ♦ ❝❤❡ ✐ ♣ ♦❜❧❡♠✐ ❝❤❡  ✐  ✐ ❝♦♥  ❛♥♦ ♥❡✐ ❝ ✐ ❡ ✐
✉ ✐❧✐③③❛ ✐ ♥❡❧❧✬✐♥❢❡ ❡♥③❛ ❝❧❛  ✐❝❛  ♦♥♦ ♣ ✐♥❝✐♣❛❧♠❡♥ ❡ ❞✉❡✿
• ■❧ ❝♦♥  ♦❧❧♦ ❞❡❧❧✬❡  ♦ ❡ ❞✐ ♣ ✐♠♦  ✐♣♦ ✭ α✮✳ ❙♦♥♦   ❛ ✐ ♣ ♦♣♦  ✐ ❛❧❝✉✲
♥✐ ♠❡ ♦❞✐ ❞✐ ❛❣❣✐✉  ❛♠❡♥ ♦ ❞❡✐ ✈❛❧♦ ✐✲ p   ✐♠❛ ✐ ❝❤❡ ❝♦♥  ♦❧❧❛♥♦ ✐❧
❢❛♠✐❧② ✇✐ ❡ ❡  ♦   ❛ ❡ ♦✱ ✐♥ ❛❧ ❡ ♥❛ ✐✈❛✱ ✐❧ ❢❛❧ ❡ ❞✐ ❝♦✈❡ ②  ❛ ❡✳
• ▲❛   ✐♠❛ ❞❡❧❧❛ ✈❛ ✐❛♥③❛ ❣❡♥❡✲ ♣❡❝✐✜❝❛ ✭ σ2
g✮✳
■♥♦❧  ❡✱  ✉❛♥❞♦  ✐ ♣❛ ❧❛ ❞✐ ❛♣♣❧✐❝❛ ❡ ❧✬✐♥❢❡ ❡♥③❛ ❝❧❛  ✐❝❛ ❛✐ ❞❛ ✐ ❞✐ ♠✐✲
❝ ♦❛  ❛② ❜✐ ♦❣♥❛  ❡♥❡  ♣ ❡ ❡♥ ❡ ❝❤❡ ✐❧  ✐  ❡♠❛ ❞✬✐♣♦ ❡ ✐ ✭✷✳✶✮ ❞❡✈❡ ❡  ❡ ❡
 ❡  ❛ ♦  ✉ ♦❣♥✐  ✐♥❣♦❧♦ ❣❡♥❡ ❞❡❧❧❛ ♣✐❛  ❛❢♦ ♠❛ ✭❝❤❡ ❝♦♥ ✐❡♥❡ ❝❡♥ ✐♥❛✐❛
❞✐ ♠✐❣❧✐❛✐❛ ❞✐ ❣❡♥✐✮✱ ❡ ♥♦♥   ❞❡  ♦ ❝❤❡  ✐❛♥♦  ✐ ♣❡  ❛ ❡ ❧❡ ❛  ✉♥③✐♦♥✐ ❞✐
♥♦ ♠❛❧✐   ❞❡❧❧❛ ❞✐   ✐❜✉③✐♦♥❡✱ ❞✐ ♦♠♦ ❝❤❡❞❛  ✐❝✐   ❡ ❞✐ ✐♥❞✐♣❡♥❞❡♥③❛✳
✷✳✷ ■❧ ♠♦❞❡❧❧♦ ❧✐♥❡❛ ❡ ♣❡  ❞❛ ✐ ❞✐ ♠✐❝ ♦❛  ❛②
✷✳✷✳✶ ▲❛ ♠❛  ✐❝❡ ❞❡❧ ❞✐ ❡❣♥♦
■ ♠♦❞❡❧❧✐ ❧✐♥❡❛ ✐ ✈❡♥❣♦♥♦ ✉ ✐❧✐③③❛ ✐ ♣❡  ❢❛ ❡ ✐♥❢❡ ❡♥③❛  ✐❛ ♣❡  ❞❛ ✐ ❝❤❡
❞❡ ✐✈❛♥♦ ❞❛  ❡❝♥♦❧♦❣✐❡ ❛  ✐♥❣♦❧♦ ❝❛♥❛❧❡✱  ✐❛ ♣❡  ❞❛ ✐ ❝❤❡ ❞❡ ✐✈❛♥♦ ❞❛
✶✻✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
 ❡❝♥♦❧♦❣✐❡ ❛ ❞♦♣♣✐♦ ❝❛♥❛❧❡✳ ■♥ ❣❡♥❡ ❛❧❡  ✐ ❛  ✉♠❡ ❞✐ ❛✈❡ ❡ ✉♥ ❞❛ ❛ ❡  ❝♦♥
p ♠✐❝ ♦❛  ❛② ❞❛✐  ✉❛❧✐  ✐ ♦  ✐❡♥❡ ✉♥ ✈❡  ♦ ❡ ✭✈❡  ♦ ❡  ✐ ♣♦  ❛✮ ❝♦♥ ❡♥❡♥ ❡
✐ ✈❛❧♦ ✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡✱ ♣❡  ♦❣♥✐  ✐♥❣♦❧♦ ❣❡♥❡✳  ❡  ✐❧ g ✲ ❡ ✐♠♦ ❣❡♥❡  ✐ ❛✈  
 ✉✐♥❞✐ ✐❧ ✈❡  ♦ ❡✿
yg =



 




yg1
yg2
···
ygp



 




✭✷✳✷✮
■❧ ✈❛❧♦ ❡ ❞✐ ❡ ♣ ❡  ✐♦♥❡✱ ❣❡♥❡ ❛❧♠❡♥ ❡✱   ♣ ❡ ❡♥ ❛ ♦ ✐♥  ❡ ♠✐♥✐ ❞✐ ❧♦❣❛ ✐ ♠♦
✐♥ ❜❛ ❡ ✷ ❞❡❧  ❛♣♣♦  ♦   ❛ ❧❡ ✐♥ ❡♥ ✐   ❞❡❧❧❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐
♣❡  ❧❡  ❡❝♥♦❧♦❣✐❡ ❛ ❞♦♣♣✐♦ ❝❛♥❛❧❡ ❡ ✐♥  ❡ ♠✐♥✐ ❞✐ ❧♦❣❛ ✐ ♠♦ ✐♥ ❜❛ ❡ ✷ ❞❡❧❧❡
✐♥ ❡♥ ✐   ♥❡❧ ❝❛ ♦ ❞✐  ❡❝♥♦❧♦❣✐❡ ❛  ✐♥❣♦❧♦ ❝❛♥❛❧❡✳ ■❧ ♠♦❞❡❧❧♦ ❝❤❡ ✈✐❡♥❡
❞✉♥ ✉❡ ❛  ✉♥ ♦✱ ♣❡  ♦❣♥✐  ✐♥❣♦❧♦ ❣❡♥❡✱   ❞❡❧  ✐♣♦✿
yg = Xαg + ǫg ✭✷✳✸✮
❞♦✈❡ X  ❛♣♣ ❡ ❡♥ ❛ ❧❛ ♠❛  ✐❝❡ ❞❡❧ ❞✐ ❡❣♥♦✱ αg   ✐❧ ✈❡  ♦ ❡ ❞❡✐ ♣❛ ❛♠❡✲
  ✐ ❡ ǫg   ✉♥ ❢❛  ♦ ❡ ❞✬❡  ♦ ❡ ♥♦♥ ♥❡❝❡  ❛ ✐❛♠❡♥ ❡ ♥♦ ♠❛❧❡✳ ▲❛ ♠❛  ✐❝❡
❞❡❧ ❞✐ ❡❣♥♦ ♥❡❧ ❝❛ ♦ ❞✐  ❡❝♥♦❧♦❣✐❡ ❛  ✐♥❣♦❧♦ ❝❛♥❛❧❡ ❬✺❪   ✉❣✉❛❧❡ ❛  ✉❡❧❧❛
✉ ✐❧✐③③❛ ❛ ♥❡✐ ♠♦❞❡❧❧✐ ❧✐♥❡❛ ✐ ❝❧❛  ✐❝✐✱ ♦✈✈❡ ♦✱  ✉♣♣♦♥❡♥❞♦ ❞✐ ❛✈❡ ❡ i ❛  ❛②
♣❡  ✐❧ ♣ ✐♠♦ ❣ ✉♣♣♦ ❡ j ❛  ❛② ♣❡  ✐❧  ❡❝♦♥❞♦ ❣ ✉♣♣♦ (i + j = p)✱ ✉♥❛
♣♦  ✐❜✐❧❡ ♠❛  ✐❝❡ ❞❡❧ ❞✐ ❡❣♥♦  ❛   ❞❡❧  ✐♣♦
✶✼✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
X(p×2) =






 




 




 


1 0
1 0
··· ···
1 0
0 1
0 1
··· ···
0 1






 




 




 


i − maposizione ✭✷✳✹✮
✷✳✷✳✷ ■❧  ✲ ❡  
❘✐♣ ❡♥❞❡♥❞♦ ✐❧ ♠♦❞❡❧❧♦ ✭✷✳✸✮ ❞❡❧ ♣❛ ❛❣ ❛❢♦ ♣ ❡❝❡❞❡♥ ❡  ✐ ❛  ✉♠❡ ❝❤❡
E(yg) = Xαg ✭✷✳✺✮
var(yg) = Wgσ
2
g ✭✷✳✻✮
❞♦✈❡ Wg   ✉♥❛ ♠❛  ✐❝❡ ❞✐ ♣❡ ✐✱ ♥♦ ❛✱ ❞❡✜♥✐ ❛ ♥♦♥ ♥❡❣❛ ✐✈❛✳ ❙✐ ❛  ✉♠❡✱
✐♥♦❧  ❡✱ ❝❤❡ ❛❧❝✉♥✐ ❝♦♥  ❛  ✐  ✐❛♥♦ ❞✐ ✐♥ ❡ ❡  ❡ ❜✐♦❧♦❣✐❝♦✱ ❡  ✉❡  ✐ ♣♦  ♦♥♦
❡  ❡ ❡ ❞❡✜♥✐ ✐ ❝♦♠❡✿
βg = C
Tαg ✭✷✳✼✮
■♥✜♥❡✱  ✐ ❛  ✉♠❡ ❝❤❡  ✐❛ ❞✐ ✐♥ ❡ ❡  ❡  ❡  ❛ ❡  ❡ ✐❧  ✐♥❣♦❧♦ ✈❛❧♦ ❡ ❞❡❧ ❝♦♥✲
  ❛  ♦ βgj  ✐❛ ✉❣✉❛❧❡ ❛ ③❡ ♦✱ ♦✈✈❡ ♦ βgj = 0✳ ◆❡ ❝♦♥ ❡❣✉❡✱  ✉✐♥❞✐✱ ❝❤❡ ✐❧
 ✐  ❡♠❛ ❞✐ ✐♣♦ ❡ ✐  ✐❛ ❞❡❧  ✐♣♦✿
✶✽✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
H0 : βgj = 0 ✭✷✳✽✮
H1 : βgj  = 0
❙✉❧ ✈❡  ♦ ❡ ❞❡❧❧❡  ✐ ♣♦  ❡ ✈✐❡♥❡ ❞✉♥ ✉❡   ✐♠❛ ♦ ✐❧ ♠♦❞❡❧❧♦ ❧✐♥❡❛ ❡ ✐♥
♠♦❞♦ ❞❛ ♦  ❡♥❡ ❡✱ ♣❡  ♦❣♥✐ ❣❡♥❡✱ ✉♥❛   ✐♠❛ ❞❡✐  ❡❣✉❡♥ ✐ ❝♦❡✣❝✐❡♥ ✐✿
• ˆ αg ♣❡  αg❀
• s2
g   ✐♠❛ ♣❡  σ2
g
❞❛✐  ✉❛❧✐  ✐ ♦  ✐❡♥❡ ♣♦✐ ✉♥❛   ✐♠❛ ❞❡❧❧❛ ♠❛  ✐❝❡ ❞✐ ✈❛ ✐❛♥③❡ ❡ ❝♦✈❛ ✐❛♥③❡
var(ˆ αg) = Vgs
2
g ✭✷✳✾✮
❞♦✈❡ Vg   ✉♥❛ ♠❛  ✐❝❡ ❞❡✜♥✐ ❛ ♣♦ ✐ ✐✈❛✱ ❝❤❡ ♥♦♥ ❞✐♣❡♥❞❡ ❞❛ s2
g✳ ❯♥❛
✈♦❧ ❛ ♦  ❡♥✉ ❡  ✉❡  ❡   ✐♠❡  ✐ ♦  ✐❡♥❡ ✉♥❛   ✐♠❛ ♣❡  ✐ ❝♦❡✣❝✐❡♥ ✐ βg ❝❤❡
❞❡✜♥✐ ❝♦♥♦ ✐ ❝♦♥  ❛  ✐
ˆ βg = C
T ˆ αg ✭✷✳✶✵✮
❧❛ ❝✉✐ ♠❛  ✐❝❡ ❞✐ ✈❛ ✐❛♥③❡ ❡ ❝♦✈❛ ✐❛♥③❡   ✐♠❛ ❛  
var(ˆ βg) = C
TVgCs
2
g ✭✷✳✶✶✮
■❧ ♠♦❞❡❧❧♦ ♥♦♥   ♥❡❝❡  ❛ ✐❛♠❡♥ ❡ ❛  ✉♥ ♦ ♥♦ ♠❛❧❡✱ ❡  ✉✐♥❞✐ ♥♦♥ ✈❛ ♥❡❝❡ ✲
 ❛ ✐❛♠❡♥ ❡ ✉ ❛ ❛ ✉♥❛   ✐♠❛ ❛✐ ♠✐♥✐♠✐  ✉❛❞ ❛ ✐✳ ❆❞ ♦❣♥✐ ♠♦❞♦✱  ✐ ❛  ✉♠❡
❝❤❡ ❧❛   ✐♠❛ ❞❡✐ ❝♦♥  ❛  ✐  ✐❛ ❛♣♣ ♦  ✐♠❛ ✐✈❛♠❡♥ ❡ ♥♦ ♠❛❧❡ ❝♦♥ ♠❡❞✐❛ βg
✶✾✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
❡ ♠❛  ✐❝❡ ❞✐ ✈❛ ✐❛♥③❡ ❡ ❝♦✈❛ ✐❛♥③❡ CTVgCs2
g ❡ ❝❤❡ ❧❛ ✈❛ ✐❛♥③❛  ❡ ✐❞✉❛ s2
g
 ❡❣✉❛ ❛♣♣ ♦  ✐♠❛ ✐✈❛♠❡♥ ❡ ✉♥❛ ❞✐   ✐❜✉③✐♦♥❡ χ2  ❝❛❧❛ ❛✳ ❉❡✜♥❡♥❞♦ ❝♦♥
vgj ❧✬❡❧❡♠❡♥ ♦ ❞✐❛❣♦♥❛❧❡ j✲❡ ✐♠♦ ❞❡❧❧❛ ♠❛  ✐❝❡ CTVgC ❧❡ ❛  ✉♥③✐♦♥✐  ✉❧❧❡
❞✐   ✐❜✉③✐♦♥✐ ♣♦  ♦♥♦ ❡  ❡ ❡  ✐❛  ✉♥ ❡ ❝♦♠❡  ❡❣✉❡✿
ˆ βgj ∼ N(βgj,vgjσ
2
g) ✭✷✳✶✷✮
s
2
g ∼
σ2
g
dg
χ
2
dg ✭✷✳✶✸✮
❞♦✈❡ dg  ♦♥♦ ✐ ❣ ❛❞✐ ❞✐ ❧✐❜❡     ❡ ✐❞✉✐ ❞❡❧ ♠♦❞❡❧❧♦ ❧✐♥❡❛ ❡ ♣❡  ✐❧ ❣❡♥❡ g✳
❙♦  ♦  ✉❡  ❡ ❛  ✉♥③✐♦♥✐  ✐ ♣✉  ❞❡✜♥✐ ❡ ❧❛   ❛ ✐  ✐❝❛  ❡   t ♦ ❞✐♥❛ ✐❛
tgj =
ˆ βgj
sg
√vgj
∼ tdg ✭✷✳✶✹✮
❝❤❡  ❡❣✉❡ ❛♣♣ ♦  ✐♠❛ ✐✈❛♠❡♥ ❡ ❧❛ ❞✐   ✐❜✉③✐♦♥❡  ✲❙ ✉❞❡♥  ❝♦♥ dg ❣ ❛❞✐
❞✐ ❧✐❜❡   ✳ ❉✐✈❡♥ ❛✱ ♣❡  ✱ ❝♦♠♣❧❡  ♦ ❞❛❧ ♣✉♥ ♦ ❞✐ ✈✐  ❛ ❝♦♠♣✉ ❛③✐♦♥❡ ❛♣✲
♣❧✐❝❛ ❡  ✉❡  ❛   ❛ ✐  ✐❝❛  ❡   ❛ ❞❛ ✐ ❞✐ ♠✐❝ ♦❛  ❛②✱ ✐♥  ✉❛♥ ♦✱ ❝♦♠❡ ❞❡  ♦
♣ ❡❝❡❞❡♥ ❡♠❡♥ ❡✱ ✐♥ ♦❣♥✐ ♣✐❛  ❛❢♦ ♠❛  ♦♥♦ ♣ ❡ ❡♥ ✐ ❝❡♥ ✐♥❛✐❛ ❞✐ ♠✐❣❧✐❛✐❛
❞✐ ❣❡♥✐✳  ❡   ✉❡  ♦ ♠♦ ✐✈♦ ❛❝❝❛❞❡ ❞✐ ❢ ❡ ✉❡♥ ❡ ❝❤❡ ❛❧❝✉♥✐ ❣❡♥✐ ♣ ❡ ❡♥ ✐♥♦
 ♦♠♠❡ ❞✐  ✉❛❞ ❛ ✐ ♠♦❧ ♦ ♣✐❝❝♦❧❡✱ ♦ ♠♦❧ ♦ ❣ ❛♥❞✐✱ ♣ ♦❞✉❝❡♥❞♦ ❞✐ ❝♦♥✲
 ❡❣✉❡♥③❛ ✈❛❧♦ ✐ ❞❡❧  ❡  ✱  ✐ ♣❡  ✐✈❛♠❡♥ ❡✱ ♠♦❧ ♦ ❣ ❛♥❞✐✱ ♦ ♠♦❧ ♦ ♣✐❝❝♦❧✐✱
♣✉  ❡  ❡♥❞♦ ❡ ♣ ❡  ✐ ✐♥  ✉❛♥ ✐    ❝❛  ❡✳  ❡  ❡✈✐ ❛ ❡ ✐❧ ♣ ♦❜❧❡♠❛ ❝❤❡  ✉❡✲
  ✐ ❣❡♥✐ ❣❡♥❡ ✐♥♦ ❞❡❣❧✐ ❡  ♦ ✐ ❞✐ ✐❞❡♥ ✐✜❝❛③✐♦♥❡  ♦♥♦   ❛ ❡ ♣ ♦♣♦  ❡ ❞❡❧❧❡
  ❛ ✐  ✐❝❤❡ ❛❧ ❡ ♥❛ ✐✈❡✱ ❝❤❡ ❝♦♥ ❡♥ ♦♥♦ ❛❣❧✐   ✐♠❛ ♦ ✐ ❞❡❧❧❡ ✈❛ ✐❛♥③❡ ❞✐  ✐✲
❞✉  ❡ ❧✬❡✛❡  ♦ ❞❡✐ ✈❛❧♦ ✐ ❡ ❛❣❡ ❛ ❛♠❡♥ ❡ ❣ ❛♥❞✐ ❡ ❡ ❛❣❡ ❛ ❛♠❡♥ ❡ ♣✐❝❝♦❧✐✳
✷✵✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
❙♦♥♦   ❛ ✐ ✐♥  ♦❞♦  ✐  ✉✐♥❞✐ ❞❡❣❧✐   ✐♠❛ ♦ ✐  ❤ ✐♥❦❛❣❡✱ ❝❤❡ ✈❡♥❣♦♥♦ ✉ ❛ ✐
✐♥   ❛ ✐  ✐❝❤❡ ❝❤✐❛♠❛ ❡  ✲♠♦❞❡ ❛ ❡✱ ❝♦♥ ❧♦  ❝♦♣♦ ❞✐  ✐❞✉  ❡ ❧❛ ❞✐  ♦  ✐♦♥❡
❞❡❧❧❡   ✐♠❡✳ ❆❧❝✉♥❡  ♦❧✉③✐♦♥✐ ♣ ♦♣♦  ❡ ♣❡   ✉❡  ♦ ❣❡♥❡ ❡ ❞✐   ✐♠❛ ♦ ✐  ♦✲
♥♦ ✐♥✢✉❡♥③❛ ❡ ❞❛❧❧❛  ❡♦ ✐❛ ❜❛②❡ ✐❛♥❛ ❡ ❞❛❧❧❛  ❡♦ ✐❛ ❜❛②❡ ✐❛♥❛ ❡♠♣✐ ✐❝❛✳ ■
♠❡ ♦❞✐ ❜❛②❡ ✐❛♥✐  ✐ ❛❞❛  ❛♥♦ ❜❡♥❡ ❛❧❧♦   ✉❞✐♦ ❞✐ ❞❛ ✐ ❞✐ ♠✐❝ ♦❛  ❛②✱ ❞❛ ♦
❝❤❡  ♦♥♦ ✉ ❛ ✐  ♦❧✐ ❛♠❡♥ ❡ ♥❡✐ ♣ ♦❜❧❡♠✐ ❞✐ ✐♥❢❡ ❡♥③❛ ♠✉❧ ✐❞✐♠❡♥ ✐♦♥❛❧❡✳
▲❛ ♣✐  ❣ ❛♥❞❡ ❞✐✛❡ ❡♥③❛   ❛ ✐ ♠❡ ♦❞✐ ❜❛②❡ ✐❛♥✐ ❡  ✉❡❧❧✐ ❞❡❧❧✬✐♥❢❡ ❡♥③❛ ❝❧❛ ✲
 ✐❝❛   ❛ ♥❡❧ ❢❛  ♦ ❝❤❡  ✉❡  ✬✉❧ ✐♠❛ ❛♣♣❧✐❝❛ ❧✬✐♥❢❡ ❡♥③❛  ❡♣❛ ❛ ❛♠❡♥ ❡  ✉
♦❣♥✐  ✐♥❣♦❧♦ ❣❡♥❡✱ ♠❡♥  ❡ ✐ ♠❡ ♦❞✐ ❜❛②❡ ✐❛♥✐ ❡ ❜❛②❡ ✐❛♥✐ ❡♠♣✐ ✐❝✐ ✉ ✐❧✐③✲
③❛♥♦ ❧✬✐♥❢♦ ♠❛③✐♦♥❡ ♣ ♦✈❡♥✐❡♥ ❡ ❞❛  ✉  ✐ ✐ ❣❡♥✐✱ ❝❤❡ ✈✐❡♥❡  ✐❛  ✉♥ ❛ ♥❡❧❧❛
❢♦ ♠✉❧❛③✐♦♥❡ ❞✐ ❞✐   ✐❜✉③✐♦♥✐ ❛ ♣ ✐♦ ✐ ♣❡  ❛❧❝✉♥✐ ♣❛ ❛♠❡  ✐✳ ◗✉❡  ✐ ♣❛ ❛✲
♠❡  ✐ ✈❡♥❣♦♥♦ ♣♦✐ ❝♦♠❜✐♥❛ ✐ ❛ ❧✐✈❡❧❧♦ ❞✐ ♠❡❞✐❡ ❡ ❞✐ ❞❡✈✐❛③✐♦♥✐   ❛♥❞❛ ❞
❛ ❧✐✈❡❧❧♦ ❞❡✐ ❣❡♥✐✳
✷✳✷✳✸ ■❧  ❡   ❇❛②❡ ✐❛♥♦ ❊♠♣✐ ✐❝♦ ❡❇❛②❡ 
❈♦♠❡ ❣✐  ❛❝❝❡♥♥❛ ♦✱  ✉❛♥❞♦  ✐ ❢❛ ✐♥❢❡ ❡♥③❛ ♥❡❣❧✐ ❡ ♣❡ ✐♠❡♥ ✐ ❞✐ ♠✐❝ ♦❛ ✲
 ❛②✱   ♣ ❡❢❡ ✐❜✐❧❡✱ ❝♦♥ ✐❞❡ ❛ ❡ ❧❛    ✉  ✉ ❛ ♣❛ ❛❧❧❡❧❛ ❞❡✐ ❞❛ ✐ ♣❡  ❧❛  ✉❛❧❡
❧♦   ❡  ♦ ♠♦❞❡❧❧♦ ✈✐❡♥❡   ✐♠❛ ♦  ✉ ♦❣♥✐  ✐♥❣♦❧♦ ❣❡♥❡ ❝❤❡ ❝♦♠♣♦♥❡ ❧❛ ♣✐❛ ✲
 ❛❢♦ ♠❛ ✐♥ ❡ ❛♠❡✳ ❊✬ ❛♣♣✉♥ ♦ ❝♦♥  ✉❡  ♦  ❝♦♣♦ ❞✐  ❡♠♣❧✐✜❝❛ ❡ ❧❛ ❢❛ ❡ ❞✐
✐♥❢❡ ❡♥③❛ ❝❤❡  ✐ ✉ ✐❧✐③③❛ ✉♥ ♠♦❞❡❧❧♦ ❣❡ ❛ ❝❤✐❝♦✳ ■❧ ♣✉♥ ♦ ❢♦❝❛❧❡ ✐♥  ✉❡  ♦
 ✐♣♦ ❞✐ ♠♦❞❡❧❧♦    ✉❡❧❧♦ ❞✐ ❝❡ ❝❛ ❡ ❞✐ ❝❛♣✐ ❡ ❝♦♠❡ ✐ ❝♦❡✣❝✐❡♥ ✐ ✐❣♥♦ ✐ βgj
❡ σ2
g ✈❛ ✐❛♥♦   ❛ ✐ ❣❡♥✐✱ ❡  ✉❡  ♦ ✈✐❡♥❡ ❢❛  ♦ ❛  ✉♠❡♥❞♦ ❞❡❧❧❡ ❞✐   ✐❜✉③✐♦✲
♥✐ ❛ ♣ ✐♦ ✐ ♣❡  ❡♥  ❛♠❜✐ ✐ ♣❛ ❛♠❡  ✐✳ ◆❡❧❧♦  ♣❡❝✐✜❝♦  ✐ ❛  ✉♠♦♥♦ ❝♦♠❡
❞✐   ✐❜✉③✐♦♥✐ ❛ ♣ ✐♦ ✐✿
✷✶✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
1
σ2
g
∼
1
d0s2
0
χ
2
d0 ✭✷✳✶✺✮
❝❤❡ ❞❡ ❝ ✐✈❡ ✐❧ ♠♦❞♦ ✐♥ ❝✉✐ ❝✐  ✐ ❛ ♣❡  ❛ ❝❤❡ ❧❛ ✈❛ ✐❛♥③❛ ✈❛ ✐   ❛ ✐ ❣❡♥✐✱
❞♦✈❡ s2
0   ❧✬✐♣❡ ♣❛ ❛♠❡  ♦ ❞❡❧❧❛ ❞✐   ✐❜✉③✐♦♥❡ ♣❡  σ2
g ❡ d0 ✐♥❞✐❝❛ ✐ ❣ ❛❞✐ ❞✐
❧✐❜❡   ✳
P(βgj  = 0) = pj ✭✷✳✶✻✮
♣❡  ♦❣♥✐ j  ✐ ❛  ✉♠❡ ❝❤❡ βgj  ✐❛ ❞✐✈❡  ♦ ❞❛ 0 ❝♦♥ ✉♥❛ ♣ ♦❜❛❜✐❧✐   ♥♦ ❛✱
♦✈✈❡ ♦ pj   ❧❛ ✈❡ ❛ ♣ ♦♣♦ ③✐♦♥❡ ❞✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ❝❤❡ ❝✐
 ✐ ❛  ❡♥❞❡✳
βgj | σ
2
g, βgj  = 0 ∼ N(0, v0jσ
2
g) ✭✷✳✶✼✮
❝❤❡ ❞❡ ❝ ✐✈❡ ❧❛ ❞✐   ✐❜✉③✐♦♥❡ ❞❡✐ ❧♦❣✲❢♦❧❞ ❝❤❛♥❣❡  ✭♦✈✈❡ ♦ ✐❧ ❧♦❣❛ ✐ ♠♦ ❞❡❧
 ❛♣♣♦  ♦   ❛ ❧❡ ✐♥ ❡♥ ✐   ❞❡❧ ❝♦♥  ♦❧❧♦ ❡ ❞❡❧   ❛  ❛ ♦✮ ♣❡  ✐ ❣❡♥✐ ❝❤❡  ♦♥♦
❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✳ ❉❛ ❡ ❧❡ ❛  ✉♥③✐♦♥✐ ❞❡❧ ♠♦❞❡❧❧♦ ❣❡ ❛ ❝❤✐❝♦  ✐
❞❡✜♥✐ ❝❡✱ ♣♦✐✱ ❧❛ ♠❡❞✐❛ ❛ ♣♦  ❡ ✐♦ ✐ ❞✐ σ−2
g | s2
g✱ ♦✈✈❡ ♦ ˜ s−2
g ❞♦✈❡
˜ s
2
g =
d0s2
0 + dgs2
g
d0 + dg
✭✷✳✶✽✮
■❧ ✈❛❧♦ ❡ ❛ ♣♦  ❡ ✐♦ ✐ ❛✈✈✐❝✐♥❛ ❧❡ ✈❛ ✐❛♥③❡ ♦  ❡ ✈❛ ❡ ❛✐ ✈❛❧♦ ✐ ❛ ♣ ✐♦ ✐ ❡ ✈✐❡♥❡
❞❡  ♦   ✐♠❛ ♦ ❡  ❤ ✐♥❦❛❣❡✳ ❆  ✉❡  ♦ ♣✉♥ ♦  ✐ ♣✉  ❞❡✜♥✐ ❡ ❧❛   ❛ ✐  ✐❝❛
 ❡     ♠♦❞❡ ❛ ❛
✷✷✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
˜ tgj =
ˆ βgj
˜ sg
√vgj
✭✷✳✶✾✮
■♥ ❧❡  ❡ ❛ ✉ ❛ ❬✶❪     ❛ ♦ ❞✐♠♦   ❛ ♦ ❝❤❡ ˜ t ❡ s2
g  ♦♥♦ ✐♥❞✐♣❡♥❞❡♥ ✐ ✐♥ ❞✐✲
   ✐❜✉③✐♦♥❡✱ ❡ ✐♥ ♣❛  ✐❝♦❧❛ ❡✱ ❝❤❡ ❧❛   ❛ ✐  ✐❝❛   ♠♦❞❡ ❛ ❛  ❡❣✉❡ ✉♥❛ ❞✐✲
   ✐❜✉③✐♦♥❡   ❞✐ ❙ ✉❞❡♥  ❝♦♥ dg + d0 ❣ ❛❞✐ ❞✐ ❧✐❜❡   ✱  ♦  ♦ ❧✬✐♣♦ ❡ ✐ ♥✉❧❧❛
H0 : βgj = 0✳ ■ ❣ ❛❞✐ ❞✐ ❧✐❜❡    ❛❣❣✐✉♥ ✐✈✐  ✐ ♣❡  ♦ ❛❧❧❛   ❛ ✐  ✐❝❛  ❡  
  ♦ ❞✐♥❛ ✐❛✱ ♦✈✈❡ ♦ d0✱  ✐✢❡  ♦♥♦ ❧✬✐♥❢♦ ♠❛③✐♦♥❡ ❛❣❣✐✉♥ ✐✈❛ ❝❤❡  ✐ ♦  ✐❡♥❡
❞❛❧❧✬✐♥ ✐❡♠❡ ❞❡✐ ❣❡♥✐✱  ✉❧❧❛ ❜❛ ❡ ❞❡❧ ♠♦❞❡❧❧♦ ❣❡ ❛ ❝❤✐❝♦  ✉✐  ♦♣ ❛ ❞❡ ❝ ✐  ♦✳
❯♥ ❛♣♣ ♦❝❝✐♦ ❝♦♠♣❧❡ ❛♠❡♥ ❡ ❜❛②❡ ✐❛♥♦ ❝♦♥ ❡♥ ❡ ❞✐  ❝❡❣❧✐❡ ❡ ✐ ♣❛ ❛♠❡  ✐
s0 ❡ d0✱ ✐♥  ✉❡  ♦ ❝❛ ♦✱ ✐♥✈❡❝❡✱  ✐❛♠♦ ❞✐ ❢ ♦♥ ❡ ❛ ✉♥ ❛♣♣ ♦❝❝✐♦ ❜❛②❡ ✐❛♥♦
❡♠♣✐ ✐❝♦ ♣❡  ❝✉✐ ✐ ♣❛ ❛♠❡  ✐  ♦♥♦   ✐♠❛ ✐ ❞❛✐ ❞❛ ✐✳ ■♥ ♣❛  ✐❝♦❧❛ ❡ s0 ❡ d0
 ♦♥♦   ✐♠❛ ✐ ✉❣✉❛❣❧✐❛♥❞♦ ✐ ♣ ✐♠✐ ❞✉❡ ♠♦♠❡♥ ✐ ❛  ❡ ✐ ❝♦♥  ✉❡❧❧✐ ❡♠♣✐ ✐✲
❝✐ ❞❡❧❧❛ ✈❛ ✐❛❜✐❧❡ log(s2
g)✳ ❯♥❛ ✈♦❧ ❛ ♦  ❡♥✉ ❡ ❧❡ ❞✐   ✐❜✉③✐♦♥✐ ˜ tgj ❡ s2
g  ✐
❝❛❧❝♦❧❛ ❢❛❝✐❧♠❡♥ ❡ ✐❧ ✈❛❧♦ ❡ ❛ ♣♦  ❡ ✐♦ ✐ ❝❤❡ ✉♥ ❣❡♥❡  ✐❛ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡
❡ ♣ ❡  ♦ ✐♥  ❡❧❛③✐♦♥❡ ❛❧ ❝♦♥  ❛  ♦ βgj✱
Ogj =
p(βgj  = 0 | ˜ tgj, s2
g)
p(βgj = 0 | ˜ tgj, s2
g)
=
p(βgj  = 0, ˜ tgj, s2
g)
p(βgj = 0, ˜ tgj, s2
g)
=
pj
1 − pj
p(˜ tgj | βgj  = 0)
p(˜ tgj | βgj = 0)
✭✷✳✷✵✮
❯♥❛   ❛ ❢♦ ♠❛③✐♦♥❡ ❞❡❧❧✬❖❉❉ ❛ ♣♦  ❡ ✐♦ ✐   ❞❛ ❛ ❞❛❧❧❛   ❛ ✐  ✐❝❛ B
Bgj = logOgj ✭✷✳✷✶✮
❯♥ ✈❛❧♦ ❡ ❞❡❧❧❛   ❛ ✐  ✐❝❛ B = 0✱  ❛♣♣ ❡ ❡♥ ❛ ✐❧ ❝❛ ♦ ❞✐ ♠❛❣❣✐♦ ❡ ✐♥❝❡ ✲
 ❡③③❛ ✐♥  ✉❛♥ ♦✱ ❞❡ ✐✈❛♥❞♦ ❞❛ ✉♥ ODD = 1✱  ❛♣♣ ❡ ❡♥ ❛ ✐❧ ❝❛ ♦ ✐♥ ❝✉✐
❤♦ ❧✬✉❣✉❛❣❧✐❛♥③❛   ❛ ❧❡ ❞✉❡ ♣ ♦❜❛❜✐❧✐   p ❡ 1 − p✳
❋✐  ❛ ❡ ✉♥ ✈❛❧♦ ❡  ♦❣❧✐❛ ♣❡  ❧❛   ❛ ✐  ✐❝❛ B✱ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❣❡✲
♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✱ ♣✉  ♥♦♥ ❡  ❡ ❡ ✉♥❛ ❜✉♦♥❛ ✐❞❡❛ ✐♥  ✉❛♥ ♦
✷✸✷ ❚❡❝♥✐❝❤❡   ❛ ✐  ✐❝❤❡ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❉❊●
 ✉❡  ❛   ❛ ✐  ✐❝❛  ✐ ❜❛ ❛  ✉❧ ♣❛ ❛♠❡  ♦ p✱  ✉❧  ✉❛❧❡  ♦♥♦   ❛ ❡ ❢❛  ❡ ❞❡❧❧❡
✐♣♦ ❡ ✐ ❛ ♣ ✐♦ ✐✳ ❉✐ ❝♦♥ ❡❣✉❡♥③❛  ✉❡  ❛   ❛ ✐  ✐❝❛  ❡   ✈✐❡♥❡ ✉ ❛ ❛ ♣ ❡✈❛✲
❧❡♥ ❡♠❡♥ ❡ ❝♦♠❡ ♠❡ ♦❞♦ ❞✐ ♦ ❞✐♥❛♠❡♥ ♦ ❞❡✐ ❣❡♥✐  ✉❧❧❛ ❜❛ ❡ ❞❡❧❧✬❡ ♣ ❡ ✲
 ✐♦♥❡ ❞✐✛❡ ❡♥③✐❛❧❡✳ ❯♥ ♠❡ ♦❞♦ ❛❧ ❡ ♥❛ ✐✈♦ ♣✉  ❡  ❡ ❡  ✉❡❧❧♦ ❞✐ ✉ ❛ ❡ ✐❧
 ❡    ✲♠♦❞❡ ❛ ♦ ❝♦♥ ❝♦  ❡③✐♦♥❡ ❞❡❧ ❢❛❧ ❡ ❞✐ ❝♦✈❡ ②  ❛ ❡✱ ❝❤❡ ✈✐❡♥❡ ❢♦ ♥✐✲
 ♦✱ ❛  ✐❡♠❡ ❛❧❧❛   ❛ ✐  ✐❝❛ B✱ ❝♦♠❡ ♦✉ ♣✉  ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❡❇❛②❡ ✭✮ ♥❡❧❧❡
❛♥❛❧✐ ✐  ✈♦❧ ❡ ❝♦♥ ✐❧  ♦❢ ✇❛ ❡ ▲■▼▼❆✳ ✶
✶❊✬ ♣♦  ✐❜✐❧❡  ❝❛ ✐❝❛ ❡ ✐❧ ♣❛❝❝❤❡  ♦ ❛❧❧✬✐♥❞✐ ✐③③♦ ✇❡❜✿ ❤  ♣✿✴✴❜✐♦❝♦♥❞✉❝ ♦ ✳♦ ❣✴♣❛❝✲
❦❛❣❡ ✴ ❡❧❡❛ ❡✴❜✐♦❝✴❤ ♠❧✴❧✐♠♠❛✳❤ ♠❧
✷✹✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐
♣❛ ❤✇❛②
✸✳✶ ■♥  ♦❞✉③✐♦♥❡
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❁ ✉❜ ②♣❡ ♥❛♠❡❂✧♣❤♦ ♣❤♦ ②❧❛ ✐♦♥✧ ✈❛❧✉❡❂✧✰♣✧✴❃
■♥✜♥❡ ❝♦♥  ✉❡  ❛ ♣❛  ❡ ❞✐ ❝♦❞✐❝❡ ✈❡♥❣♦♥♦ ❞❡✜♥✐ ❡ ❧❡  ❡❧❛③✐♦♥✐ ❝❤❡ ✐♥ ❡ ❝♦ ✲
 ♦♥♦   ❛ ✐ ❣❡♥✐✳ ■♥  ✉❡  ♦ ❝❛ ♦ ❧❡ ❡♥ ✐   ✺ ✭❣ ✉♣♣♦ ❖❘✮✱ ❡ ❡♥ ✐   ✺✹ ✭❣ ✉♣✲
♣♦ ❆◆❉✮ ✐♥ ❡ ❛❣✐ ❝♦♥♦   ❛ ❞✐ ❧♦ ♦   ❛♠✐ ❡ ✉♥❛  ❡❧❛③✐♦♥❡   ♦ ❡✐♥✲  ♦ ❡✐♥✱
♥❡❧❧♦  ♣❡❝✐✜❝♦ ✉♥❛  ❡❛③✐♦♥❡ ❞✐ ❢♦ ❢♦ ✐❧❛③✐♦♥❡✳
  ♦♣❛❣❛③✐♦♥❡ ❞❡❧  ❡❣♥❛❧❡ ❛   ❛✈❡  ♦ ✐ ❝♦♠♣♦✉♥❞✿
❆♥❝❤❡ ♣❡  ✐ ❝♦♠♣♦✉♥❞ ✭✜❣✉ ❛ ✸✳✹✮ ❝✐  ♦♥♦ ❞✉❡ ♠♦❞✐ ❞✐✈❡  ✐ ♣❡  ♣♦ ❡ ❧✐
❞❡ ❝ ✐✈❡ ❡✱ ❛  ❡❝♦♥❞❛ ❞❡❧  ✐♣♦ ❞✐ ✐♥ ❡ ❛③✐♦♥❡ ✐♥ ❝✉✐  ♦♥♦ ❝♦✐♥✈♦❧ ✐✿
✸✷✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
• ■♥ ❡ ❛③✐♦♥❡ ❞✐ ❡  ❛✱ ♦✈✈❡ ♦ ❧✬❡❧❡♠❡♥ ♦ ❆ ✐♥ ❡ ❛❣✐ ❝❡ ❝♦♥ ❧✬❡❧❡♠❡♥ ♦
❇ ❛   ❛✈❡  ♦ ✐❧ ❝♦♠♣♦✉♥❞ ❝ ✭ ②♣❡❂✧   ❡❧✧✱ ♦✈✈❡ ♦   ♦ ❡✐♥✲  ♦ ❡✐♥
 ❡❧❛ ✐♦♥✮❀
• ■♥ ❡ ❛③✐♦♥❡ ✐♥❞✐ ❡  ❛✱ ♦✈✈❡ ♦ ❧✬❡❧❡♠❡♥ ♦ ❆ ✐♥ ❡ ❛❣✐ ❝❡ ❝♦♥ ✐❧ ❝♦♠✲
♣♦✉♥❞ ❝ ❡ ✐❧ ❝♦♠♣♦✉♥❞ ❝ ✐♥ ❡ ❛❣✐ ❝❡ ❝♦♥ ❧✬❡❧❡♠❡♥ ♦ ❇ ✭ ②♣❡❂✧ ❈ ❡❧✧✱
♦✈✈❡ ♦   ♦ ❡✐♥✲❈♦♠♣♦✉♥❞  ❡❧❛ ✐♦♥ ✮✳
❋✐❣✉ ❛ ✸✳✹ ✿ ❈♦♠♣♦✉♥❞ ♠❡❞✐❛ ❡❞  ✐❣♥❛❧❬✽❪
✸✳✶✳✸ ❈♦♥❝❡  ✐ ❜❛ ❡ ❞❡❧❧❛  ❡♦ ✐❛ ❞❡✐ ❣ ❛✜
▲✬♦❣❣❡  ♦ ❞❡❧❧❛  ❡♦ ✐❛  ✉✐ ❡ ♣♦  ❛   ✐❧ ❣ ❛❢♦ ✱ ♦✈✈❡ ♦ ✉♥❛    ✉  ✉ ❛ ❝♦♠✲
♣♦  ❛ ❞❛ (N, A)✱ ❞♦✈❡ N = {v1,...,vm}   ✉♥ ✐♥ ✐❡♠❡ ✜♥✐ ♦ ❞✐ ❡❧❡♠❡♥ ✐
❞❡  ✐ ♥♦❞✐ ♦ ✈❡  ✐❝✐✱ ♠❡♥  ❡ A ⊆ N × N   ✉♥  ♦  ♦✐♥ ✐❡♠❡ ❞✐ ❝♦♣♣✐❡
♦ ❞✐♥❛ ❡ ❞✐ ♥♦❞✐ ❞❡  ❡ ❛ ❝❤✐✳ ■ ♥♦❞✐  ♦♥♦  ❛♣♣ ❡ ❡♥ ❛ ✐ ❝♦♥ ❝❡ ❝❤✐✱ ♠❡♥✲
  ❡ ❣❧✐ ❛ ❝❤✐  ♦♥♦  ❛♣♣ ❡ ❡♥ ❛ ✐ ❝♦♥ ❢ ❡❝❝❡ ❝❤❡ ♣❛  ♦♥♦ ❞❛❧ ♣ ✐♠♦ ♥♦❞♦
❞❡❧❧❛ ❝♦♣♣✐❛ ❡  ❡ ♠✐♥❛♥♦ ♥❡❧  ❡❝♦♥❞♦ ♥♦❞♦✳ ❙✐ ♣❛ ❧❛ ❞✐ ❣ ❛❢♦ ♦ ✐❡♥ ❛ ✐  ❡
v1 → v2✱ ♦✈✈❡ ♦ ❧❛ ❝♦♣♣✐❛ (v1, v2) ∈ A ♠❡♥  ❡ (v2, v1) / ∈ A✱  ✐ ♣❛ ❧❛✱ ✐♥✈❡✲
✸✸✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
❝❡✱ ❞✐ ❣ ❛❢♦ ♥♦♥ ♦ ✐❡♥ ❛ ♦  ❡ ♥♦♥   ❡ ♣ ❡  ❛ ❧❛ ❞✐ ❡③✐♦♥❛❧✐   ❞❡❧❧✬❛ ❝♦✳ ▲❛
❞✐ ❡③✐♦♥❛❧✐   ❡ ♣ ❡  ❛ ♥❡❧ ❣ ❛❢♦ ♦ ✐❡♥ ❛ ♦ ♣❡ ♠❡  ❡ ❞✐ ❞❡✜♥✐ ❡ ❧❡  ❡❣✉❡♥ ✐
❡♥ ✐  ✿
• ❙♦♥♦ ❣❡♥✐ ♦ ✐ ❞✐ v  ✉  ✐  ✉❡✐ ♥♦❞✐ u ∈ V : (u, v) ∈ A ✱ ♦✈✈❡ ♦ ✐
♥♦❞✐ u ❞❛ ❝✉✐ ♣❛  ❡ ✉♥ ❛ ❝♦ ✈❡  ♦ v❀
• ❋✐❣❧✐ ❞✐ v  ✉  ✐  ✉❡✐ ♥♦❞✐ u ∈ V : (v, u) ∈ A ✱ ♦✈✈❡ ♦ ✐ ♥♦❞✐ u ✐♥
❝✉✐ ❛  ✐✈❛ ✉♥ ❛ ❝♦ ❞❛ v❀
• ❈♦♥✐✉❣✐ ❞✐ v  ✉  ✐  ✉❡✐ ♥♦❞✐ u ❝❤❡ ❝♦♥❞✐✈✐❞♦♥♦ ✉♥ ✜❣❧✐♦ ❝♦♥ v❀
• ❉✐ ❝❡♥❞❡♥ ✐ ❞✐ v  ✉  ✐  ✉❡✐ ♥♦❞✐ u ∈ V ♣❡  ❝✉✐ ❡ ✐  ❡ ✉♥ ❝❛♠♠✐♥♦
❝❤❡ ♣♦  ❛ ❞❛ v ❛ u (v → ... → u)❀
•   ❡❞❡❝❡  ♦ ✐ ❞✐ v  ✉  ✐  ✉❡✐ ♥♦❞✐ u ∈ V ♣❡  ❝✉✐ ❡ ✐  ❡ ✉♥ ❝❛♠♠✐♥♦
❝❤❡ ♣♦  ❛ ❞❛ u ❛ v (u → ... → v)✳
❋✐❣✉ ❛ ✸✳✺✿❊ ❡♠♣✐♦ ❞✐ ❣ ❛❢♦ ♦ ✐❡♥ ❛ ♦ ❛❝✐❝❧✐❝♦
✸✹✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
❉✉❡ ♥♦❞✐  ✐ ❞✐❝♦♥♦ ❝♦♥♥❡  ✐  ❡ ❡ ✐  ❡ ✉♥ ❝❛♠♠✐♥♦ ✭♦ ♣❛ ❤✮ ❝❤❡ ❧✐ ✉♥✐ ❝❡✱
♦✈✈❡ ♦ ❡ ✐  ❡ ✉♥❛  ❡ ✉❡♥③❛ ❞✐ ♥♦❞✐  ❛❧❡ ❝❤❡ ♦❣♥✐ ♥♦❞♦ ❛❜❜✐❛ ✉♥ ❛ ❝♦
❝❤❡ ❧♦ ❝♦❧❧❡❣❛ ❛❧ ♥♦❞♦  ✉❝❝❡  ✐✈♦✳ ◆❡❧ ❝❛ ♦ ✐♥ ❝✉✐ ✉♥ ♥♦❞♦  ✐ ♣ ❡ ❡♥ ✐
 ✐❛ ❛❧❧✬✐♥✐③✐♦ ❝❤❡ ❛❧❧❛ ✜♥❡ ❞❡❧ ♣❛ ❤✱  ✉❡  ♦ ✈✐❡♥❡ ❞❡✜♥✐ ♦ ❝✐❝❧♦✳ ❙❡ ✐♥
✉♥ ❝✐❝❧♦  ♦♥♦ ♣ ❡ ❡♥ ✐ ❞❡❣❧✐ ❛ ❝❤✐ ♦ ✐❡♥ ❛ ✐  ✐ ♣❛ ❧❛ ❞✐ ❝✐❝❧♦ ♦ ✐❡♥ ❛ ♦✳
❙✐ ❞❡✜♥✐ ❝❡✱  ✉✐♥❞✐✱ ❝♦♠❡ ❉❆● ✭✜❣✉ ❛ ✸✳✺✮ ✉♥ ❣ ❛❢♦ ♦ ✐❡♥ ❛ ♦ ❛❝✐❝❧✐❝♦
✭❉✐ ❡❝ ❡❞ ❆❝②❝❧✐❝ ● ❛♣❤ ✮✳ ❉❛ ♦ ✉♥ ❣ ❛❢♦ ♦ ✐❡♥ ❛ ♦ ❛❝✐❝❧✐❝♦  ✐ ♣✉  ♦  ❡♥❡ ❡
✉♥ ❣ ❛❢♦ ♠♦ ❛❧❡ Dm ❛❣❣✐✉♥❣❡♥❞♦ ❛ ❝❤✐ ♥♦♥ ♦ ✐❡♥ ❛ ✐   ❛  ✉  ❡ ❧❡ ❝♦♣♣✐❡
❞✐ ♥♦❞✐ ❝❤❡ ❤❛♥♥♦ ✉♥ ✜❣❧✐♦ ✐♥ ❝♦♠✉♥❡ ❡  ❡♥❞❡♥❞♦✱ ♣♦✐✱  ✉  ✐ ❣❧✐ ❛ ❝❤✐
♣ ❡ ❡♥ ✐✱ ♥♦♥ ♦ ✐❡♥ ❛ ✐✳ ❯♥ ❣ ❛❢♦  ✐ ❞✐❝❡ ❝♦♠♣❧❡ ♦  ❡ A ❝♦♥ ✐❡♥❡  ✉  ❡ ❧❡
❝♦♣♣✐❡ ❞✐ ❡❧❡♠❡♥ ✐ ❞✐  ✐♥ ✐ ❝♦♥ ❡♥✉ ✐ ✐♥ N✳ Gb = (B, Ab)   ✉♥  ♦  ♦❣ ❛❢♦
❞✐ G  ❡ B ⊆ N ❡ Ab = A ∩ (B × B)✳ ❙❡ ✉♥  ♦  ♦❣ ❛❢♦ ❝♦♠♣❧❡ ♦ ♥♦♥  
❝♦♥ ❡♥✉ ♦ ❛❧❧✬✐♥ ❡ ♥♦ ❞✐ ♥❡  ✉♥ ❛❧  ♦  ♦  ♦❣ ❛❢♦ ❝♦♠♣❧❡ ♦  ✐ ❝❤✐❛♠❛ ❝❧✐ ✉❡✳
✸✳✷ ❚♦♣♦❧♦❣②●❙❆
❚♦♣♦❧♦❣②●❙❆   ✉♥ ♥✉♦✈♦ ❛♣♣ ♦❝❝✐♦✱ ♣ ♦♣♦  ♦ ❞❛ ▼❛  ❛ ❡ ❛❧✳ ❬✼❪✱ ♣❡ 
❧✬❛♥❛❧✐ ✐ ❞✐ ❣ ✉♣♣✐ ❣❡♥✐❝✐ ❞❡✜♥✐ ✐ ❞❛✐ ♣❛ ❤✇❛②✳ ◗✉❡  ❛ ❛♥❛❧✐ ✐✱ ❝❤❡  ✐❡♥❡
✜  ❛ ❧❛    ✉  ✉ ❛ ❞✐ ❞✐♣❡♥❞❡♥③❛ ❡ ✐  ❡♥ ❡   ❛ ✐ ❣❡♥✐ ❞❡✜♥✐ ❛ ❞❛❧❧❛  ♦♣♦❧♦❣✐❛
❞❡❧ ♣❛ ❤✇❛②✱   ❜❛ ❛ ❛  ✉ ♠♦❞❡❧❧✐ ❣ ❛✜❝✐ ●❛✉  ✐❛♥✐ ❝♦♥ ❧♦  ❝♦♣♦ ❞✐✿
• ❈♦♥❢ ♦♥ ❛ ❡ ❧❡ ♠❡❞✐❡ ❡ ❧❡ ✈❛ ✐❛♥③❡   ✐♠❛ ❡ ❞❡❧ ♣❛ ❤✇❛② ✐♥ ❞✉❡
❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐❀
• ❘✐✉ ❝✐ ❡ ❛  ❝♦♠♣♦  ❡ ✐❧ ♣❛ ❤✇❛② ✐♥ ❝♦♠♣♦♥❡♥ ✐ ♣✐  ♣✐❝❝♦❧❡ ❝❤❡ ♣♦ ✲
 ♦♥♦ ❡  ❡ ❡  ❡  ❛ ❡   ❛ ❞✐ ❧♦ ♦ ❛❧ ✜♥❡ ❞✐   ♦✈❛ ❡  ✉❡❧❧❡ ❝♦✐♥✈♦❧ ❡ ♥❡❧
✸✺✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
♣ ♦❝❡  ♦ ❞✐   ❡❣♦❧❛③✐♦♥❡✳
✸✳✷✳✶ ❈♦♥✈❡  ✐ ❡ ✉♥ ♥❡ ✇♦ ❦ ✐♥ ✉♥ ♠♦❞❡❧❧♦ ❣ ❛✜❝♦
■❧ ♣ ✐♠♦ ♣❛  ♦ ❝❤❡ ❣❧✐ ❛✉ ♦ ✐ ❬✼❪ ❡ ❡❣✉♦♥♦ ♣❡  ♣❛  ❛ ❡ ❞❛ ✉♥ ♣❛ ❤✇❛② ❛
✉♥ ♠♦❞❡❧❧♦ ❣ ❛✜❝♦    ✉❡❧❧♦ ❞✐ ❝♦♥✈❡  ✐ ❡ ✐❧ ♣❛ ❤✇❛② ✐♥ ✉♥ ❣ ❛❢♦ ♦ ✐❡♥ ❛ ♦
❛❝✐❝❧✐❝♦ ✭❉❆●✮✱ ♦✈✈❡ ♦✿
• ▲❡  ❡❛③✐♦♥✐ ❞✐ ✐♥✐❜✐③✐♦♥❡✱ ❢♦  ❢♦ ✐❧❛③✐♦♥❡ ❡ ❞❡❢♦ ❢♦ ✐❧❛③✐♦♥❡  ♦♥♦ ❝♦♥✲
 ✐❞❡ ❛ ❡ ❝♦♠❡  ❡♠♣❧✐❝✐ ❛ ❝❤✐ ♦ ✐❡♥ ❛ ✐❀
• ●❧✐ ❛ ❝❤✐ ♥♦♥ ♦ ✐❡♥ ❛ ✐  ♦♥♦ ❞✐ ❡③✐♦♥❛ ✐ ✉ ❛♥❞♦ ❧❡ ✐♥❢♦ ♠❛③✐♦♥✐ ❞❡✲
 ✐✈❛♥ ✐ ❞❛ ❛❧  ✐ ❞❛ ❛❜❛ ❡❀
❉♦♣♦ ❛✈❡  ❝♦♥✈❡  ✐ ♦ ✐❧ ♣❛ ❤✇❛② ✐♥ ✉♥ ❉❆●✱ ✈✐❡♥❡ ❝♦♥✈❡  ✐ ♦ ✐♥ ✉♥ ❣ ❛❢♦
♠♦ ❛❧❡✱  ❡❝♦♥❞♦ ❧❛ ♠❡ ♦❞♦❧♦❣✐❛ ❡ ♣♦  ❛ ♥❡❧ ♣❛ ❛❣ ❛❢♦ ♣ ❡❝❡❞❡♥ ❡✳ ❙✐
❛  ✉♠❡ ❝❤❡ ✐ ❞❛ ✐ ❞✐ ✉♥♦   ❡  ♦ ♣❛ ❤✇❛② ✐♥ ❞✐✈❡  ❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐
 ✐❛♥♦  ❡❛❧✐③③❛③✐♦♥✐ ❞✐ ✉♥ ♠♦❞❡❧❧♦ ❣ ❛✜❝♦ ●❛✉  ✐❛♥♦✱ ♦✈✈❡ ♦✿
M1(G) =
 
Y ∼ Np(µ1,Σ1),Σ
−1
1 ∈ S
+(G)
 
✭✸✳✶✮
M2(G) =
 
Y ∼ Np(µ2,Σ2),Σ
−1
2 ∈ S
+(G)
 
✭✸✳✷✮
❞♦✈❡ p   ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐✱ ♦✈✈❡ ♦ ✐ ♥♦❞✐ ❞❡❧ ❣ ❛❢♦✱ ❡ S+(G)   ❧✬✐♥ ✐❡♠❡
❞❡❧❧❡ ♠❛  ✐❝✐  ✐♠♠❡  ✐❝❤❡ ❞❡✜♥✐ ❡ ♣♦ ✐ ✐✈❡ ❝♦♥ ❡❧❡♠❡♥ ✐ ♥✉❧❧✐ ❝❤❡ ❝♦  ✐✲
 ♣♦♥❞♦♥♦ ❛❣❧✐ ❛ ❝❤✐ ♠❛♥❝❛♥ ✐ ❞❡❧ ❣ ❛❢♦ G✳ ▲✬❛  ✉♥③✐♦♥❡ ❞✐ ♥♦ ♠❛❧✐   ❞❡✐
❞❛ ✐   ♠♦ ✐✈❛ ❛ ❞❛❧ ❢❛  ♦ ❝❤❡✱ ❝♦♠❡     ❛ ♦ ❞✐♠♦   ❛ ♦ ✐♥ ❧❡  ❡ ❛ ✉ ❛✱ ✐❧
❧♦❣❛ ✐ ♠♦ ❞❡✐ ✈❛❧♦ ✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡  ❡❣✉❡ ❛♣♣ ♦  ✐♠❛ ✐✈❛♠❡♥ ❡ ❧❛ ❞✐   ✐✲
❜✉③✐♦♥❡ ♥♦ ♠❛❧❡✳ ❈♦♠❡   ♥♦ ♦✱ ❧❡ ♠❡❞✐❡ µ1 ❡ µ2 ❡ ❧❛ ♠❛  ✐❝❡ ❞✐ ✈❛ ✐❛♥ ❡ ❡
✸✻✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
❝♦✈❛ ✐❛♥③❡✱ ♥♦♥ ❡  ❡♥❞♦ ♥♦ ❡ ❛ ♣ ✐♦ ✐✱ ❞❡✈♦♥♦ ❡  ❡ ❡   ✐♠❛ ❡ ❞❛✐ ❞❛ ✐  ❡❛❧✐
♠❡❞✐❛♥ ❡ ❧✬✉ ✐❧✐③③♦ ❞✐ ❞❡ ❡ ♠✐♥❛ ✐ ❛❧❣♦ ✐ ♠✐✱ ♣❡  ❛♣♣ ♦❢♦♥❞✐ ❡  ✐  ✐♠❛♥❞❛
❛❧ ❧❛✈♦ ♦ ❞✐ ▲❛✉ ✐ ③❡♥❬✶✷❪✳
✸✳✷✳✷ ❱❡ ✐✜❝❛ ❞✬✐♣♦ ❡ ✐ ✐♥ ✉♥ ♠♦❞❡❧❧♦ ❣ ❛✜❝♦
▲✬❡ ♣ ❡  ✐♦♥❡ ❣❧♦❜❛❧❡ ❞✐ ✉♥ ♣❛ ❤✇❛② ♣✉  ❝❛♠❜✐❛ ❡ ♣ ✐♥❝✐♣❛❧♠❡♥ ❡ ♣❡  ❞✉❡
♠♦ ✐✈✐✿
✶✳  ✉  ❝❛♠❜✐❛ ❡ ❧❛ ❢♦ ③❛ ❞❡❧❧❡  ❡❧❛③✐♦♥✐ ❝❤❡ ❧♦ ❞❡✜♥✐ ❝♦♥♦❀
✷✳  ✉  ❝❛♠❜✐❛ ❡ ❧❛ ♠❡❞✐❛ ❞❡❧❧✬❡ ♣ ❡  ✐♦♥❡✱ ✐♥❞✐♣❡♥❞❡♥ ❡♠❡♥ ❡ ❞❛  ✉❡❧✲
❧♦ ❝❤❡  ✉❝❝❡❞❡ ❛❧❧❛ ❝♦  ❡❧❛③✐♦♥❡   ❛ ✐ ❣❡♥✐✳
❙✐ ♣♦  ♦♥♦ ❞❡✜♥✐ ❡✱  ✐ ♣❡  ✐✈❛♠❡♥ ❡✱ ❞✉❡ ❞✐✈❡  ✐  ✐  ❡♠✐ ❞✐ ✐♣♦ ❡ ✐  ✉✐
♠♦❞❡❧❧✐ ❣ ❛✜❝✐✱ ✉♥♦ ♣❡   ❡  ❛ ❡ ❧✬✐♣♦ ❡ ✐ ❞✐ ♦♠♦❣❡♥❡✐   ❞❡❧❧❡ ♠❛  ✐❝✐ ❞✐
✈❛ ✐❛♥③❛ ❡ ❝♦✈❛ ✐❛♥③❛✱ ♣♦✐❝❤   ✉❡  ❡ ❝♦♥ ❡♥❣♦♥♦ ❧❡ ✐♥❢♦ ♠❛③✐♦♥✐ ❝❤❡  ✐✲
❣✉❛ ❞❛♥♦ ❧❡  ❡❧❛③✐♦♥✐ ❡ ✐  ❡♥ ✐   ❛ ❧❡ ❡♥ ✐   ❞❡❧ ♣❛ ❤✇❛②✱ ❡ ❧✬❛❧  ♦ ♣❡ 
 ❡  ❛ ❡ ❧✬✐♣♦ ❡ ✐ ❞✐ ✉❣✉❛❣❧✐❛♥③❛   ❛ ❧❡ ❞✉❡ ♠❡❞✐❡✳
✸✳✷✳✷✳✶ ❚❡    ✉❧❧✬✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡
◆❡❧❧✬❛♠❜✐ ♦ ❞❡✐ ♠♦❞❡❧❧✐ ❣ ❛✜❝✐ ●❛✉  ✐❛♥✐✱ ♣❡   ❡  ❛ ❡ ❧❛ ❢♦ ③❛ ❞❡❧❧❡  ❡❧❛③✐♦✲
♥✐ ❡ ✐  ❡♥ ✐   ❛ ✐ ❣❡♥✐ ✐♥ ❞✉❡ ❞✐✈❡  ❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐✱  ✐ ❝♦♠♣❛ ❛♥♦
❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡✱ ❞❡✜♥✐ ❡ ❝♦♠❡ ❧✬✐♥✈❡  ♦ ❞❡❧❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦✲
✈❛ ✐❛♥③❛✳
■❧  ✐  ❡♠❛ ❞✬✐♣♦ ❡ ✐   ❞❡❧  ✐♣♦✿
H0 : Σ
−1
1 = Σ
−1
2
✸✼✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
H1 : Σ
−1
1  = Σ
−1
2
❞♦✈❡ Σ
−1
1 ❡ Σ
−1
2  ♦♥♦ ❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡ ♥❡❧❧❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐
 ♣❡ ✐♠❡♥ ❛❧✐✳
❈♦♥ ✐❞❡ ❛♥❞♦ Σ
−1
1 = K1 ∈ S+(G) ❡ Σ
−1
2 = K2 ∈ S+(G) ✐❧ ♥✉♦✈♦  ✐  ❡♠❛
❞✬✐♣♦ ❡ ✐ ❞✐✈❡♥ ❛✿
H0 : K1 = K2
H1 : K1  = K2✳
❙✐  ✉♣♣♦♥❡✱ ✐♥♦❧  ❡✱ ❝❤❡ ❧❡ ♦  ❡ ✈❛③✐♦♥✐ y1 = (yi
1)j = 1,...,n1 ♣ ♦✈❡♥❣❛✲
♥♦ ❞❛ ✉♥❛ ❞✐   ✐❜✉③✐♦♥❡ Np(0, K
−1
1 ) ❡ ❝❤❡ ❧❡ ♦  ❡ ✈❛③✐♦♥✐ y2 = (y
j
2)j =
1,...,n2 ♣ ♦✈❡♥❣❛♥♦ ❞❛ ✉♥❛ ❞✐   ✐❜✉③✐♦♥❡ Np(0, K
−1
2 )✳
❉❡✜♥❡♥❞♦ Wi =
ni  
j=1
(y
j
i)(y
j
i)T i = 1,2 ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ✈❡ ♦ ✐♠✐❣❧✐❛♥③❛  ✿
L(K1, K2) =
2  
i=1
= (2π)
−
nip
3 (detKi)
ni
2 e
− 1
2tr(KiWi) ✭✸✳✸✮
ˆ K1❡ ˆ K2 ♣♦  ♦♥♦ ❡  ❡ ❡   ✐♠❛ ❡   ❛♠✐ ❡ ❝❛❝♦❧♦ ❞✐ ❡  ♦  ❡ ✐❧ ❣ ❛❢♦    ❝♦♠✲
♣♦♥✐❜✐❧❡ ♦♣♣✉ ❡   ❛♠✐ ❡ ❧✬❛❧❣♦ ✐ ♠♦ ♣ ♦♣♦  ♦ ❞❛ ▲❛✉ ✐ ③❡♥❬✶✷❪✳ ❙♦  ♦ H0✱
❧✬❛❧❣♦ ✐ ♠♦ ♣ ♦❞✉❝❡ ✉♥❛   ✐♠❛ ❞❡❧❧❛ ♠❛  ✐❝❡ ❞✐ ❝♦✈❛ ✐❛♥③❛ ❝♦♠✉♥❡ (ˆ Σ) ❛
♣❛  ✐ ❡ ❞❛❧❧❛ ♠❛  ✐❝❡ ❞✐ ❝♦✈❛ ✐❛♥③❛ ♣♦♦❧❡❞
S = (n1 + n2 − 2)
−1 {(n1 − 1)S1 + (n2 − 1)S2} ✭✸✳✹✮
▼❡♥  ❡  ♦  ♦ ❧✬✐♣♦ ❡ ✐ ❛❧ ❡ ♥❛ ✐✈❛ ˆ Σ1 ❡ ˆ Σ2  ♦♥♦   ✐♠❛ ❡ ✉ ❛♥❞♦ ❧❡ ♠❛  ✐❝✐
❞✐ ❝♦✈❛ ✐❛♥③❛ ❝❛♠♣✐♦♥❛ ✐❛
S1 = (n1 − 1)
−1W1 ✭✸✳✺✮
✸✽✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
S2 = (n2 − 1)
−1W2 ✭✸✳✻✮
❯♥❛ ✈♦❧ ❛ ♦  ❡♥✉ ❡ ❧❡   ✐♠❡ ❡❧❡♥❝❛ ❡  ♦♣ ❛  ✐ ❝❛❧❝♦❧❛ ✐❧  ❡    ❛♣♣♦  ♦ ❞✐
✈❡ ♦ ✐♠✐❣❧✐❛♥③❛✿
Λ =
LH0( ˆ K1, ˆ K2)
LH1( ˆ K1, ˆ K2)
=
LH0( ˆ K)
LH1( ˆ K1, ˆ K2)
✭✸✳✼✮
❉♦♣♦ ♦♣♣♦  ✉♥❡  ❡♠♣❧✐✜❝❛③✐♦♥✐ ❬✶✷❪ ✐ ❛  ✐✈❛ ❛ ❞❡✜♥✐ ❡✿
−2logΛ =
2  
i=1
nilog
 
det ˆ Ki
det ˆ K
 
✭✸✳✽✮
❝❤❡  ✐ ❞✐   ✐❜✉✐ ❝❡ ❛ ✐♥ ♦ ✐❝❛♠❡♥ ❡ ❝♦♠❡ χ2
r+p✱ ❞♦✈❡ r   ✐❧ ♥✉♠❡ ♦ ❞✐ ❛ ❝❤✐
❞✐ ●✳ ❙❡ ✐❧  ❡    ✐✜✉ ❛ ❧✬✐♣♦ ❡ ✐ ♥✉❧❧❛ ♣✉  ❡  ❡ ❡ ✐♥ ❡ ❡  ❛♥ ❡ ❛♥❞❛ ❡ ❛
  ♦✈❛ ❡ ❧✬♦ ✐❣✐♥❡ ❞❡❧❧❡ ❞✐✛❡ ❡♥③❡ ♥❡❧❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡✳ ❙❡ ✐❧
❣ ❛❢♦    ❝♦♠♣♦♥✐❜✐❧❡   ♣♦  ✐❜✐❧❡ ❛♥❞❛ ❡ ❛  ✐♣❡ ❡ ❡ ❧✬❛♥❛❧✐ ✐ ✐♥ ♦❣♥✉♥❛
❞❡❧❧❡ ❝❧✐ ✉❡ ✳
✸✳✷✳✷✳✷ ❚❡   ♣❡  ❧✬✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❡❞✐❡
 ❡   ❡  ❛ ❡ ❧❛ ❞✐✛❡ ❡♥③✐❛❧❡ ❡ ♣ ❡  ✐♦♥❡ ❞❡❧ ♣❛ ❤✇❛② ✐♥ ❞✉❡ ❞✐✈❡  ❡ ❝♦♥❞✐✲
③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐  ✐ ❝♦♥ ✐❞❡ ❛ ✐❧  ❡❣✉❡♥ ❡  ✐  ❡♠❛ ❞✬✐♣♦ ❡ ✐✿
H0 : µ1 = µ2
H1 : µ1  = µ2
◆❛ ✉ ❛❧♠❡♥ ❡ ✐❧  ❡   ✉ ❛ ♦ ♣❡   ❡  ❛ ❡  ✉❡  ❛ ✐♣♦ ❡ ✐ ❞✐♣❡♥❞❡   ❞❛❧❧✬❡ ✐ ♦
❞❡❧  ❡   ♣ ❡❝❡❞❡♥ ❡✳ ❙❡ ❧✬✐♣♦ ❡ ✐ ♥✉❧❧❛ ❞✐ ✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦✲
✈❛ ✐❛♥③❛ ♥♦♥    ✐✜✉ ❛ ❛ ✱ ♦✈✈❡ ♦ Σ1 = Σ2✱  ✐ ✉ ❡   ❧✬❛♣♣ ♦❝❝✐♦ ▼❆◆❖❱❆✱
✸✾✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
♦✈✈❡ ♦ ✉♥❛ ✈❡  ✐♦♥❡ ♠✉❧ ✐✈❛ ✐❛ ❛ ❣❡♥❡ ❛❧✐③③❛ ❛ ❞❡❧❧✬❛♥❛❧✐ ✐ ❞❡❧❧❛ ✈❛ ✐❛♥③❛
✉♥✐✈❛ ✐❛ ❛ ✭❆◆❖❱❆✮ ❬✶✸❪✳ ◆❡❧ ❝❛ ♦ ✐♥ ❝✉✐ ❧✬✐♣♦ ❡ ✐ ♥✉❧❧❛ ✈❡♥❣❛  ✐✜✉ ❛✲
 ❛  ✐ ✉ ❛ ❧✬✉ ✉❛❧❡  ❡   ♣❡  ❧✬✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❡❞✐❡ ✐♥ ❞✉❡ ❝♦♥❞✐③✐♦♥✐
 ♣❡ ✐♠❡♥ ❛❧✐ ❝♦♥ ❞✐✈❡  ❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡✳
✸✳✷✳✷✳✸ ❉❡❝♦♠♣♦ ✐③✐♦♥❡ ❞❡❧ ❣ ❛❢♦ ✐♥ ❝❧✐ ✉❡ 
▲✬✉ ✐❧✐③③♦ ❞❡✐ ♠♦❞❡❧❧✐ ❣ ❛✜❝✐✱ ♥❡❧ ❝♦♥ ❡  ♦ ❞❡❧❧❛ ❣❡♥❡  ❡  ❛♥❛❧② ✐ ✱ ❝✐ ❝♦♥✲
 ❡♥ ❡✱ ❞♦♣♦ ❛✈❡  ♠♦ ❛❧✐③③❛ ♦ ✐❧ ♣❛ ❤✇❛② ✭✈❡❞✐ ♣❛ ❛❣ ❛❢♦ ✸✳✶✳✸✮✱ ❞✐  ❝♦♠✲
♣♦  ❡  ❛❧❡ ❣ ❛❢♦ ✐♥  ♦  ♦❣ ❛✜ ❝♦♠♣❧❡ ✐✱ ❞❡  ✐ ❝❧✐ ✉❡ ✳ ◗✉❡  ❛ ❝❛ ❛  ❡ ✐  ✐❝❛
 ✐ ✉❧ ❛ ✉ ✐❧❡  ❡ ✐  ❡    ✉❧❧❡ ♠❡❞✐❡ ❡  ✉❧❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡ ✭✸✳✷✾✮
 ✐✜✉ ❛♥♦ ❧✬✐♣♦ ❡ ✐ ♥✉❧❧❛ ✐♥  ✉❛♥ ♦ ❝✐ ♣❡ ♠❡  ❡ ❞✐ ❝❛♣✐ ❡ ❧✬♦ ✐❣✐♥❡ ❞✐  ✉❡  ❡
❞✐✛❡ ❡♥③❡✳ ■❧  ❡   ♣✉  ❡  ❡ ❡ ❞✉♥ ✉❡  ✐♣❡ ✉ ♦ ♣❡  ♦❣♥✉♥❛ ❞❡❧❧❡ ❝❧✐ ✉❡ ✱
✐❞❡♥ ✐✜❝❛ ❡ ❛❧❧✬✐♥ ❡ ♥♦ ❞❡❧ ❣ ❛❢♦✱ ✐♥❞✐♣❡♥❞❡♥ ❡♠❡♥ ❡ ❞❛❧❧❡ ❛❧  ❡✳ ■♥  ✉❡  ♦
♠♦❞♦✱ ❧❛   ✐♠❛ ❞✐ ♠❛  ✐♠❛ ✈❡ ♦ ✐♠✐❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦✲
♥❡  ❡❧❛ ✐✈❡ ❛❧❧❡ ✈❛ ✐❛❜✐❧✐ ❝❤❡ ❝♦♠♣♦♥❣♦♥♦ ✉♥❛   ❡  ❛ ❝❧✐ ✉❡   ♦  ❡♥✉ ❛ ❝♦♥
✐ ❞❛ ✐ ❞✐ ♣♦♥✐❜✐❧✐  ❡❧❛ ✐✈✐ ❛❧❧❡ ❝❧✐ ✉❡  ❡  ✉✐♥❞✐ ♥♦♥ ❝✬  ♥❡❝❡  ✐ ❛ ❞✐ ❛❧❝✉♥❛
♠❛ ❣✐♥❛❧✐③③❛③✐♦♥❡✳
✸✳✸ ❙ ■❆ ✭❙✐❣♥❛❧✐♥❣ ♣❛ ❤✇❛② ■♠♣❛❝ 
❆♥❛❧② ✐ ✮
❯♥ ♥✉♦✈♦ ❛♣♣ ♦❝❝✐♦ ❝❤✐❛♠❛ ♦ ❙ ■❆✱     ❛ ♦ ♣ ♦♣♦  ♦ ❞❛ ❚❛ ❝❛ ❡  ❛❧✳❬✶✺❪✳
◗✉❡  ♦ ❛♣♣ ♦❝❝✐♦ ❝♦♠❜✐♥❛ ❞✉❡  ✐♣✐ ❞✐ ❡✈✐❞❡♥③❡✿
✹✵✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
• ▲❛  ♦✈ ❛✲ ❛♣♣ ❡ ❡♥ ❛③✐♦♥❡ ❞❡✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ✐♥ ✉♥
❞❛ ♦ ♣❛ ❤✇❛②❀
• ▲❡ ❛♥♦♠❛❧❡ ♣❡  ✉ ❜❛③✐♦♥✐ ❞❡❧ ♣❛ ❤✇❛②✱ ♠✐ ✉ ❛ ❡ ❝♦♠❡ ❝❛♠❜✐❛♠❡♥ ✐
♥❡✐ ❧✐✈❡❧❧✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡ ♥❡❧❧❛  ♦♣♦❧♦❣✐❛ ❞❡❧ ♣❛ ❤✇❛②✳
 ❡  ❝❛  ✉ ❛ ❡  ✉❡  ✐ ❞✉❡ ❛ ♣❡  ✐ ✈❡♥❣♦♥♦ ❞❡✜♥✐ ✐ ❞✉❡ ✈❛❧♦ ✐ ❞✐ ♣ ♦❜❛❜✐❧✐✲
   ✐♥❞✐♣❡♥❞❡♥ ✐✱ PNDE ❡ PPERT ✭✉♥ ❡ ❡♠♣✐♦ ♣ ❛ ✐❝♦   ♠♦   ❛ ♦ ✐♥ ✜❣✉ ❛
✸✳✻✮✳
PNDE = P(X ≥ Nde | H0) ✭✸✳✾✮
♠✐ ✉ ❛ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞✐ ♦  ❡♥❡ ❡ ✉♥ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡
❡ ♣ ❡  ✐ ♠❛❣❣✐♦ ✐ ❞✐  ✉❡❧❧✐ ♦  ❡ ✈❛ ✐ ✐♥ ✉♥ ❞❛ ♦ ♣❛ ❤✇❛②✳ H0   ❧✬✐♣♦ ❡ ✐
♥✉❧❧❛  ❡❝♦♥❞♦ ❝✉✐ ✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ❝❤❡ ❛♣♣❛✐♦♥♦ ♥❡❧ ♣❛ ❤✲
✇❛②  ♦♥♦ ❞♦✈✉ ✐  ♦❧❛♠❡♥ ❡ ❛❧ ❝❛ ♦✳ ■ ✈❛❧♦ ✐ ❞✐ PNDE  ♦♥♦ ♦  ❡♥✉ ✐  ✉♣✲
♣♦♥❡♥❞♦ ❝❤❡ NDE✱ ♦✈✈❡ ♦ ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ DE ♥❡❧ ♣❛ ❤✇❛② ❛♥❛❧✐③③❛ ♦✱
 ❡❣✉❛ ✉♥❛ ❞✐   ✐❜✉③✐♦♥❡ ✐♣❡ ❣❡♦♠❡  ✐❝❛ ❞✐ ♣❛ ❛♠❡  ✐ m, n, k, ❞♦✈❡
• m   ✐❧ ♥✉♠❡ ♦ ❞✐  ✉  ✐ ✐ ❣❡♥✐ ♣ ❡ ❡♥ ✐ ♥❡❧❧✬❛  ❛②❀
• n   ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❛❧❧✬✐♥ ❡ ♥♦ ❞❡❧❧✬❛  ❛② ❝❤❡ ♥♦♥ ❛♣♣❛  ❡♥❣♦♥♦
❛❧ ♣❛ ❤✇❛②❀
• k ✐❧ ♥✉♠❡ ♦  ♦ ❛❧❡ ❞✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✳
 ❡  ✐❧ ❝❛❧❝♦❧♦ ❞❡❧❧❛  ❡❝♦♥❞❛ ♣ ♦❜❛❜✐❧✐   PPERT✱ ❝❤❡  ✐ ❜❛ ❛  ✉ ✉♥❛ ♠✐ ✉ ❛
❞❡❧❧❛ ♣❡  ✉ ❜❛③✐♦♥❡ ✐♥ ❝✐❛ ❝✉♥ ♣❛ ❤✇❛②✱   ♥❡❝❡  ❛ ✐♦ ❞❡✜♥✐ ❡ ✉♥ ❢❛  ♦ ❡
❣❡♥✐❝♦ ❞✐ ♣❡  ✉ ❜❛③✐♦♥❡ PF(gi)✳
✹✶✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
PF(gi) = △E(gi) +
n  
j=1
βij ·
PF(gj)
Nds(gj)
✭✸✳✶✵✮
■❧ ♣ ✐♠♦  ❡ ♠✐♥❡ ❞❡❧❧✬❡ ✉❛③✐♦♥❡  ❛♣♣ ❡ ❡♥ ❛ ✉♥❛ ♠✐ ✉ ❛ ♥♦ ♠❛❧✐③③❛ ❛ ❞❡✐
❝❛♠❜✐❛♠❡♥ ✐ ♥❡✐ ✈❛❧♦ ✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡ ❞❡❧ ❣❡♥❡ gi✱ ❧♦❣✲❢♦❧❞ ❝❤❛♥❣❡  ❡  ✐
  ❛♥♥♦ ❝♦♥❢ ♦♥ ❛♥❞♦ ❞✉❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐✳ ■❧  ❡❝♦♥❞♦  ❡ ♠✐♥❡  
❧❛  ♦♠♠❛ ❞❡✐ ❢❛  ♦ ✐ ❞✐ ♣❡  ✉ ❜❛③✐♦♥❡ ❞❡✐ ❣❡♥✐ gj✱ ♣ ❡❞❡❝❡  ♦ ✐ ❞✐ gi✱ ♥♦ ✲
♠❛❧✐③③❛ ✐ ♣❡  ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❞✐ ❝❡♥❞❡♥ ✐ ❞✐ ❝✐❛ ❝✉♥♦ ❞✐  ✉❡  ✐ ❣❡♥✐
✐♥❞✐❝❛ ✐ ❝♦♥ Nds(gj)✳ ■❧ ♣❛ ❛♠❡  ♦ βij  ✉❛♥ ✐✜❝❛ ❧❛ ❢♦ ③❛ ❞❡❧❧❡ ✐♥ ❡ ❛③✐♦♥✐
♣ ❡ ❡♥ ✐   ❛ ✐ ❣❡♥✐ gj ❡ gi✱ ❝♦♥ β = 0 ♥❡❧ ❝❛ ♦ ✐♥ ❝✉✐ ❧✬❛ ❝♦ ♥♦♥ ❡ ✐  ❛✳
▲✬❡ ✉❛③✐♦♥❡ ✭✸✳✶✵✮ ❞❡ ❝ ✐✈❡ ✐❧ ❢❛  ♦ ❡ ❣❡♥✐❝♦ ❞✐ ♣❡  ✉ ❜❛③✐♦♥❡ ♣❡  ✐❧ ❣❡♥❡
gi ❝♦♠❡ ✉♥❛ ❢✉♥③✐♦♥❡ ❧✐♥❡❛ ❡ ❞❡✐ ❢❛  ♦ ✐ ❞✐ ♣❡  ✉ ❜❛③✐♦♥❡  ❡❧❛ ✐✈✐ ❛✐ ❣❡♥✐
❝❤❡ ❝♦♠♣♦♥❣♦♥♦  ✉  ♦ ✐❧ ♣❛ ❤✇❛②✳ ❯♥❛ ✈♦❧ ❛ ❝❛❧❝♦❧❛ ♦ ✐❧ ❢❛  ♦ ❡ ❣❡♥✐❝♦ ❞✐
♣❡  ✉ ❜❛③✐♦♥❡  ✐ ❝❛❧❝♦❧❛ ❧✬❛❝❝✉♠✉❧♦ ❞✐ ♣❡  ✉ ❜❛③✐♦♥❡ ♥❡  ❛ ✭ ♥❡  ♣❡  ✉ ❜❛✲
 ✐♦♥ ❛❝❝✉♠✉❧❛ ✐♦♥ ✮✱ ♣❡  ♦❣♥✐  ✐♥❣♦❧♦ ❣❡♥❡✱ ❝♦♠❡ ❧❛ ❞✐✛❡ ❡♥③❛   ❛ PF ❡ ✐❧
 ✉♦ ❧♦❣ ❢♦❧❞✲❝❤❛♥❣❡ ♦  ❡ ✈❛ ♦
Acc(gi) = PF(gi) − △E(gi) ✭✸✳✶✶✮
◗✉❡  ♦ ❢❛  ♦ ❡  ❡ ✈❡ ♣❡  ❛  ✐❝✉ ❛  ✐ ❝❤❡ ✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✱
❝❤❡ ♥♦♥  ♦♥♦ ❧❡❣❛ ✐ ❛ ♥❡  ✉♥ ❛❧  ♦ ❣❡♥❡✱ ♥♦♥ ❝♦♥  ✐❜✉✐ ❝❛♥♦ ❛❧❧❛  ❡❝♦♥✲
❞❛ ❡✈✐❞❡♥③❛✱ ❞❛❧ ♠♦♠❡♥ ♦ ❝❤❡  ♦♥♦ ❣✐    ❛ ✐ ❝♦♥ ✐❞❡ ❛ ✐ ♥❡❧❧✬❛♥❛❧✐ ✐ ❞✐
❛  ✐❝❝❤✐♠❡♥ ♦ ❝❛  ✉ ❛ ❛ ❞❛❧ ♣ ✐♠♦  ❡ ♠✐♥❡ ❞❡❧❧✬❡ ✉❛③✐♦♥❡ ✭✸✳✶✵✮✳ ▲❛ ♣ ♦✲
❜❛❜✐❧✐   ❞✐ ♦  ❡ ✈❛ ❡ ✉♥ ✈❛❧♦ ❡ ❞✐ ♣❡  ✉ ❜❛③✐♦♥❡ ❛❝❝✉♠✉❧❛ ❛  ♦ ❛❧❡ ❞❡❧
✹✷✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
♣❛ ❤✇❛② (TA) ♠❛❣❣✐♦ ❡ ❞✐ tA  
PPERT = P(TA ≥ tA | H0) ✭✸✳✶✷✮
❞♦✈❡ tA =
 
i Acc(gi)✳  ❡  ❞❡ ❡ ♠✐♥❛ ❡ ✐♥ ♠♦❞♦ ❡♠♣✐ ✐❝♦ ❧❛ ❞✐   ✐❜✉③✐♦♥❡
♥✉❧❧❛ ❞✐ TA ✈✐❡♥❡ ✉ ✐❧✐③③❛ ♦ ✉♥ ❛♣♣ ♦❝❝✐♦ ❞✐  ✐❝❛♠♣✐♦♥❛♠❡♥ ♦ ❞✐  ✐♣♦
❇♦♦    ❛♣❬✶✺❪✳ ❯♥❛ ♣ ♦❜❛❜✐❧✐   ❞✐  ✐♥ ❡ ✐✱ ❝❤❡ ❝♦♠❜✐♥❛ ❧❡ ❞✉❡ ♣ ♦❜❛❜✐❧✐  
PNDE ❡ PPERT✱   ❞❛ ❛ ❞❛❧❧❛ ♣ ♦❜❛❜✐❧✐   ❣❧♦❜❛❧❡ PG ❝❤❡   ✉ ✐❧✐③③❛ ❛ ♣❡ 
♦ ❞✐♥❛ ❡ ✐ ♣❛ ❤✇❛②  ❡ ♣❡   ❡  ❛ ❡ ❧✬✐♣♦ ❡ ✐ ❝❤❡ ✐❧ ♣❛ ❤✇❛②  ✐❛  ❡❛❧♠❡♥ ❡
♣❡  ✉ ❜❛ ♦ ♥❡❧❧❡ ❝♦♥❞✐③✐♦♥✐ ❞✐   ✉❞✐♦ ❝♦♥ ✐❞❡ ❛ ❡✳ ❙❡ ❞❡✜♥✐❛♠♦ ❝♦♥ ci ✐❧
♣ ♦❞♦  ♦ ❞❡❧❧❡ ❞✉❡ ♣ ♦❜❛❜✐❧✐   ✐♥❞✐♣❡♥❞❡♥ ✐ PNDE ❡ PPERT✱ ♦✈✈❡ ♦
ci = PNDE(i) · PPERT(i) ✭✸✳✶✸✮
♥❡❧ ❝❛ ♦ ✐♥ ❝✉✐ H0  ✐❛ ✈❡ ❛✱  ✐ ♣✉  ❞✐♠♦   ❛ ❡ ❝❤❡ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞✐ ♦  ❡ ✈❛✲
 ❡ ❞❡✐ ✈❛❧♦ ✐ ❞✐ ♣✲✈❛❧✉❡ ♣❡  PNDE ❡ PPERT  ❛❧♠❡♥ ❡ ❜❛  ✐ ❞❛ ❢❛   ✐ ✉❧ ❛ ❡
✐❧ ❧♦ ♦ ♣ ♦❞♦  ♦ ♣✐  ♣✐❝❝♦❧♦ ❞❡❧ ✈❛❧♦ ❡  ❡❛❧♠❡♥ ❡ ♦  ❡ ✈❛ ♦    ✐❛  ✉♥ ❛ ❞❛❧
✈❛❧♦ ❡ ❞✐ PG ❞❡✜♥✐ ♦ ❝♦♠❡
PG = ci − ci · ln(ci) ✭✸✳✶✹✮
✹✸✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
❋✐❣✉ ❛ ✸✳✻✿ ❊ ❡♠♣✐♦ ❞✐ ❛♥❛❧✐ ✐ ❙ ■❆ ❬✶✺❪
❱❛  ♦  ♦❧✐♥❡❛ ♦ ✐❧ ❢❛  ♦ ❝❤❡ ❡♥  ❛♠❜❡ ❧❡ ♣ ♦❜❛❜✐❧✐   PNDE ❡ PPERT  ♦♥♦
✐♥❞✐♣❡♥❞❡♥ ✐ ❞❛❧❧❛ ❣ ❛♥❞❡③③❛ ❞❡❧ ♣❛ ❤✇❛② ♣❡  ❧❛ ♥❛ ✉ ❛ ❝♦♥ ❝✉✐  ♦♥♦   ❛✲
 ❡ ❝♦   ✉✐ ❡✳ PNDE ♠✐ ✉ ❛ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞✐ ♦  ❡ ✈❛ ❡ ✉♥ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐
❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✱ ❞♦✈✉ ✐  ♦❧❛♠❡♥ ❡ ❛❧ ❝❛ ♦✱ ♠❛❣❣✐♦ ❡ ❞❡❧ ♥✉♠❡ ♦
♦  ❡ ✈❛ ♦ ❡ ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ DE ❞♦✈✉ ✐ ❛❧ ❝❛ ♦ ❛✉♠❡♥ ❛♥♦ ❛❧❧✬❛✉♠❡♥✲
 ❛ ❡ ❞❡❧❧❛ ❞✐♠❡♥ ✐♦♥❡ ❞❡❧ ♣❛ ❤✇❛②✳ PPERT   ♦  ❡♥✉ ❛ ❝♦♥ ✉♥ ❛♣♣ ♦❝❝✐♦
❜♦♦    ❛♣ ❝❛❧❝♦❧❛ ♦  ✉ ♦❣♥✐  ✐♥❣♦❧♦ ♣❛ ❤✇❛② ❡  ✐ ✉❧ ❛  ✉✐♥❞✐ ✐♥❞✐♣❡♥❞❡♥ ❡
❞❛❧❧❛  ✉❛ ❞✐♠❡♥ ✐♦♥❡✳ PG✱ ❡  ❡♥❞♦ ❝♦♠❜✐♥❛③✐♦♥❡ ❞✐ ❞✉❡ ♣ ♦❜❛❜✐❧✐  ✱ ♣✉ 
❡  ❡ ❡ ✉ ❛ ♦ ♥♦♥  ♦❧♦ ♣❡  ♦ ❞✐♥❛ ❡ ✐ ♣❛ ❤✇❛② ✱ ♠❛ ❛♥❝❤❡ ♣❡   ❝❡❣❧✐❡ ❡ ✉♥
❧✐✈❡❧❧♦ ❞❡ ✐❞❡ ❛ ♦ ♣❡  ❧✬❡  ♦ ❡ ❞✐ ♣ ✐♠♦  ✐♣♦✳ ❙ ■❆   ✉♥ ✈❛❧✐❞♦ ❛♣♣ ♦❝❝✐♦
❛♥❝❤❡  ♦  ♦ ✐❧ ♣ ♦✜❧♦ ❞❡❧❧❛  ♣❡❝✐✜❝✐  ✳ ❊✬   ❛ ♦ ❞✐♠♦   ❛ ♦ ✐♥ ❧❡  ❡ ❛ ✉ ❛
❬✶✺❪✱   ❛♠✐ ❡   ✉❞✐ ❞✐  ✐♠✉❧❛③✐♦♥❡✱ ❝❤❡ ❙ ■❆ ♥♦♥ ♣ ♦❞✉❝❡✱  ✉❛♥❞♦ H0  
✈❡ ❛✱ ✉♥ ♥✉♠❡ ♦ ❞✐ ❢❛❧ ✐ ♣♦ ✐ ✐✈✐  ✉♣❡ ✐♦ ❡ ❛  ✉❡❧❧✐ ❞❡✜♥✐ ✐ ❞❛❧❧❛  ♦❣❧✐❛ α✳
◆❡❧❧❡ ❛♥❛❧✐ ✐  ✉ ❞❛ ✐  ❡❛❧✐ ♣❡  ✱ ♣❡  ❝♦♥❢ ♦♥ ❛ ❡ ❞✐✈❡  ✐ ♠❡ ♦❞✐ ❞✐ ❛♥❛❧✐ ✐
✹✹✸ ❆♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❤❡  ✉✐ ♣❛ ❤✇❛②
 ✉ ✉♥♦   ❡  ♦ ✐♥ ✐❡♠❡ ❞✐ ♣❛ ❤✇❛② ✱ ♥♦♥ ✈❡♥❣♦♥♦ ✉ ✐❧✐③③❛ ❡ ❧❡ ♠✐ ✉ ❡ ❞✐
 ❡♥ ✐❜✐❧✐  ✱  ♣❡❝✐✜❝✐   ❡ ❧❡ ❝✉ ✈❡ ❘❖❈ ✐♥  ✉❛♥ ♦ ♥♦♥  ✐  ✐❡ ❝❡ ❛   ❛❜✐❧✐ ❡
❝♦♥ ❡ ❛  ❡③③❛ ✐❧ ❧✐✈❡❧❧♦ ❞✐ ❝♦✐♥✈♦❧❣✐♠❡♥ ♦ ❞✐ ✉♥ ❞❛ ♦ ♣❛ ❤✇❛② ✐♥ ✉♥❛ ❞❡✲
 ❡ ♠✐♥❛ ❛ ❝♦♥❞✐③✐♦♥❡  ♣❡ ✐♠❡♥ ❛❧❡✳  ❡   ✉❡  ♦ ♠♦ ✐✈♦✱  ✉❛♥❞♦  ✐ ♣❛ ❧❛
❞✐ ❝♦♥❢ ♦♥ ✐   ❛ ♠❡ ♦❞✐ ❞✐✈❡  ✐ ❞✐ ❛♥❛❧✐ ✐ ❝✐  ✐  ✐❢❡ ✐ ❝❡ ♣ ✐♥❝✐♣❛❧♠❡♥ ❡ ❛
❝♦♥❢ ♦♥ ✐ ✐♥  ❡ ♠✐♥✐ ❞✐ ♥✉♠❡ ♦ ❞✐ ♣❛ ❤✇❛②   ✐ ✉❧ ❛ ✐  ✐❣♥✐✜❝❛ ✐✈✐ ❡  ✉❛♥ ♦
❜❡♥❡  ✉❡  ✐ ♣❛ ❤✇❛②  ❞✐ ❛❞❛  ❛♥♦ ❛❧❧❡ ❝♦♥♦ ❝❡♥③❡ ❜✐♦❧♦❣✐❝❤❡ ❡ ✐  ❡♥ ✐✳
✹✺✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
✹✳✶ ■ ❞❛ ✐
■♥ ❧❡  ❡ ❛ ✉ ❛ ❬✶✶❪   ♦ ♠❛✐ ♥♦ ♦  ✉❛❧✐  ♦♥♦ ✐ ♠❡❝❝❛♥✐ ♠✐ ❣❡♥✐❝✐ ❝❤❡ ♣♦  ❛✲
♥♦ ❛❧❧❛   ❛ ❢♦ ♠❛③✐♦♥❡ ♠❛❧✐❣♥❛ ❞❡❧❧❡ ❝❡❧❧✉❧❡ ❝♦✐♥✈♦❧ ❡ ♥❡❧❧❛ ❧❡✉❝❡♠✐❛ ❧✐♥✲
❢♦❜❧❛  ✐❝❛ ❛❝✉ ❛ ✭❆▲▲✮✳ ◆❡❧ ✷✺✲✸✵✪ ❞❡✐ ♣❛③✐❡♥ ✐ ❛❞✉❧ ✐ ❛✛❡  ✐ ❞❛  ✉❡  ❛
♠❛❧❛  ✐❛  ✐   ♥♦ ❛ ♦ ❝♦♠❡ ♠♦❧ ✐ ❣❡♥✐ ❢♦  ❡ ♦ ❛  ♦❝✐❛ ✐ ❛ ❞✐✛❡ ❡♥③✐❛③✐♦✲
♥✐ ♥❡❧❧❡ ❝❡❧❧✉❧❡ ❚✱ ♥❡❧❧❡  ✉❛❧✐ ✐ ❣❡♥✐  ❡❝❡  ♦ ✐ ♠♦   ❛✈❛♥♦ ❧❛ ♣ ❡ ❡♥③❛ ❞✐
 ✐❛  ❛♥❣✐❛♠❡♥ ✐ ❝❧♦♥❛❧✐✱ ♠❡♥  ❡ ♥❡❧  ✐♠❛♥❡♥ ❡ ✼✵✲✼✺✪ ❞✐ ♣❛③✐❡♥ ✐  ✐ ♥♦ ❛✲
✈❛♥♦ ❞✐✛❡ ❡♥③✐❛③✐♦♥✐ ❛ ❧✐✈❡❧❧♦ ❞❡❧❧❡ ❝❡❧❧✉❧❡ ❇✳ ■♥ ♣❛  ✐❝♦❧❛ ❡✱ ♥❡❧❧❡ ❝❡❧❧✉❧❡
❇✱  ♦♥♦ ❢ ❡ ✉❡♥ ✐ ❧❡   ❛ ❧♦❝❛③✐♦♥✐ ❝ ♦♠♦ ♦♠✐❝❤❡ ❡ ✐  ✐❛  ❛♥❣✐❛♠❡♥ ✐ ♠♦❧❡✲
❝♦❧❛ ✐✱ ❝♦♥ ✉♥✬✐♥❝✐❞❡♥③❛ ♠❛❣❣✐♦ ❡ ♥❡❣❧✐ ❛❞✉❧ ✐ ♣✐✉  ♦  ♦ ❝❤❡ ♥❡✐ ❜❛♠❜✐♥✐✳
▲❛ ❧❡✉❝❡♠✐❛ ♠✐❡❧♦✐❞❡ ❬✾❪ ❝ ♦♥✐❝❛   ✉♥❛ ❞❡❧❧❡ ♣ ✐♠❡ ♠❛❧❛  ✐❡ ♣❡  ❝✉✐  ✐❛
  ❛ ♦ ♣♦  ✐❜✐❧❡ ✐♥❞✐✈✐❞✉❛ ❡ ✉♥❛  ♣❡❝✐✜❝❛ ❛♥♦ ♠❛❧✐   ❝ ♦♠♦ ♦♠✐❝❛  ✉❛✲
❧❡ ❝❛✉ ❛ ❞❡❧❧❛ ♠❛❧❛  ✐❛✳ ▲❛   ❛ ❧♦❝❛③✐♦♥❡ ❞❡❧ ❣❡♥❡ ❆❜❡❧ ♦♥ ✭❆❇▲✮ ❞❛❧
❝ ♦♠♦ ♦♠❛ ✾ ❛ ✉♥❛  ❡❣✐♦♥❡ ❞❡❧ ❝ ♦♠♦ ♦♠❛ ✷✷✱ ❞❡♥♦♠✐♥❛ ❛ ❜ ❡❛❦♣♦✐♥ 
❝❧✉  ❡   ❡❣✐♦♥ ✭❇❈❘✮✱ ❝♦♥ ❧❛ ❢♦ ♠❛③✐♦♥❡ ❞✐ ✉♥ ❣❡♥❡ ❝❤✐♠❡ ❛ ❇❈❘✴❆❇▲✱
  ✉♥ ❞✐❢❡  ♦ ❝ ♦♠♦ ♦♠✐❝♦ ♣ ❡ ❡♥ ❡ ♥❡❧ ✾✺✪ ❞✐  ✉  ✐ ✐ ♣❛③✐❡♥ ✐ ❛✛❡  ✐ ❞❛
❧❡✉❝❡♠✐❛ ♠✐❡❧♦✐❞❡ ❝ ♦♥✐❝❛ ❡ ♥❡❧ ✸✵✪ ❝✐ ❝❛ ❞✐ ♣❛③✐❡♥ ✐ ❛❞✉❧ ✐ ❛✛❡  ✐ ❞❛ ❧❡✉✲
✹✼✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
❝❡♠✐❛ ❧✐♥❢♦❜❧❛  ✐❝❛ ❛❝✉ ❛ ✭❆▲▲✮✳ ■ ❞❛ ✐ ✉ ✐❧✐③③❛ ✐ ✐♥  ✉❡  ♦ ❡❧❛❜♦ ❛ ♦  ♦♥♦
✐ ❞❛ ✐ ❇✲❝❡❧❧✶✳ ❊  ✐ ♣ ♦✈❡♥❣♦♥♦ ❞❛  ❡❝♥♦❧♦❣✐❛ ❆✛②♠❡  ✐① ❛  ✐♥❣♦❧♦ ❝❛♥❛❧❡
✭❆✛②♠❡  ✐① ❯✾✺❆✈✷✱ ❙❛♥ ❛ ❈❧❛ ❛ ❈❆✮✳ ■ ❝❛♠♣✐♦♥✐ ❧❡✉❝❡♠✐❝✐ ✭ n = 128✮
 ♦♥♦   ❛ ✐  ❡❧❡③✐♦♥❛ ✐ ❞❛ ✉♥  ♦ ❛❧❡ ❞✐ ✹✸✶ ♣❛③✐❡♥ ✐✱ ❞✐ ❡   ❝♦♠♣ ❡ ❛   ❛ ✐ ✶✺
❡ ✐ ✺✽ ❛♥♥✐✱ ❝♦✐♥✈♦❧ ✐ ✐♥ ✉♥♦   ✉❞✐♦ ❢♦❧❧♦✇✲✉♣ ❞❛❧❧✬✉♥✐✈❡  ✐   ✧▲❛ ❙❛♣✐❡♥✲
③❛✧ ❞✐ ❘♦♠❛   ❛ ✐❧ ✶✾✾✻ ❡ ✐❧ ✷✵✵✵✳ ❚ ❛  ✉❡  ✐ ✶✷✽ ♣❛③✐❡♥ ✐✱ ✾✺ ♣ ❡ ❡♥ ❛♥♦
❞✐✛❡ ❡♥③✐❛③✐♦♥✐ ♥❡❧❧❡ ❝❡❧❧✉❧❡ ❇ ❡ ✸✸ ♥❡❧❧❡ ❝❡❧❧✉❧❡ ❚✳ ■❧ ❝❛♠♣✐♦♥❡ ✜♥❛❧❡ ❞✐ ♣❛✲
③✐❡♥ ✐  ✉ ❝✉✐ ✈❡  ❛♥♥♦  ✈♦❧ ❡ ❧❡ ❛♥❛❧✐ ✐ ❝♦♠♣ ❡♥❞❡   ✸✼ ❝❛♠♣✐♦♥✐ ❝❤❡  ♦♥♦
 ✐ ✉❧ ❛ ✐ ♣♦ ✐ ✐✈✐✱ ♥❡❧❧✬❛♥❛❧✐ ✐ ❝✐ ♦❣❡♥❡ ✐❝❛✱ ❛✐  ✐❛  ❛♥❣✐❛♠❡♥ ✐ ♠♦❧❡❝♦❧❛ ✐
❇❈❘✴❆❇▲✱ ❡ ✹✶ ❝❛♠♣✐♦♥✐✱ ❞❡  ✐ ◆❊●✱ ❝❤❡ ♥♦♥ ♠❛♥✐❢❡  ❛♥♦  ✐❛  ❛♥❣✐❛✲
♠❡♥ ✐ ♠♦❧❡❝♦❧❛ ✐ ❡✈✐❞❡♥ ✐✳ ▲❡ ❛♥❛❧✐ ✐ ❝♦♥❞♦  ❡  ✉  ✉❡  ✐ ❞❛ ✐  ♦♥♦   ❛ ❡
 ✈✐❧✉♣♣❛ ❡   ❛♠✐ ❡ ✐❧  ♦❢ ✇❛ ❡   ❛ ✐  ✐❝♦ ❘✷✳ ❈♦♠❡ ♣ ✐♠❛ ❝♦ ❛✱ ♣♦✐❝❤  ✐
❞❛ ✐ ♣ ♦✈❡♥❣♦♥♦ ❞❛  ❡❝♥♦❧♦❣✐❛ ❆✛②♠❡  ✐①✱ ❡  ♦♥♦  ✉✐♥❞✐ ♣ ❡ ❡♥ ❛ ✐ ❝♦♠❡
✜❧❡ ✳❈❊▲✱  ♦♥♦   ❛ ✐ ❝❛ ✐❝❛ ✐ ✉ ✐❧✐③③❛♥❞♦ ✐❧ ❝♦♠❛♥❞♦ ❘❡❛❞❆❢❢②✭✮ ❞❡❧❧❛
❧✐❜ ❡ ✐❛ ❆❢❢②✸✱ ❝❤❡ ❝♦♥ ❡♥ ❡ ❞✐ ❧❡❣❣❡ ❡  ✉❡  ♦  ✐♣♦ ❞✐ ✜❧❡ ❡ ❞✐ ♣♦ ✐③✐♦♥❛ ❡
✐ ❞❛ ✐ ✐♥ ✉♥ ❆✛②❇❛ ❝❤✱ ♥❡❧  ✉❛❧❡  ♦♥♦ ♣ ❡ ❡♥ ✐ ❧❡ ♣ ✐♥❝✐♣❛❧✐ ✐♥❢♦ ♠❛③✐♦♥✐
❞✐  ✐♥ ❡ ✐ ❞❡✐ ❞❛ ✐✳ ◆❡❧❧♦  ♣❡❝✐✜❝♦  ♦♥♦ ♣ ❡ ❡♥ ✐ ✼✽ ❝❛♠♣✐♦♥✐ ♣❡  ✉♥  ♦✲
 ❛❧❡ ❞✐ ✶✷✻✷✺ ❣❡♥✐✳ ■❧ ♣❛  ♦  ✉❝❝❡  ✐✈♦   ❞❛ ♦ ❞❛❧❧✬❛♥♥♦ ❛③✐♦♥❡ ❞❡✐ ❞❛ ✐✳
▲✬❛♥♥♦ ❛③✐♦♥❡   ✐❧ ♣ ♦❝❡  ♦ ❛   ❛✈❡  ♦ ✐❧  ✉❛❧❡ ❛❞ ♦❣♥✐ ♣ ♦❜❡ ❡  ✈✐❡♥❡ ❧✬✐✲
❞❡♥ ✐✜❝❛ ✐✈♦ ❞✐ ♦❣♥✐ ❣❡♥❡✳ ◗✉❡  ❛ ♣ ♦❝❡❞✉ ❛ ✉ ✐❧✐③③❛ ✐ ❝✉  ♦♠ ❞❡✜♥✐ ✐♦♥
✜❧❡ ✭❈❉❋✮✱ ✜❧❡ ❞✐ ♠❛♣♣❛ ✉ ❛ ❜✐✉♥✐✈♦❝✐ ♣ ♦❜❡ ❡ ✲❣❡♥❡✳ ◆❡❧❧♦  ♣❡❝✐✜❝♦  ✐  
✉ ❛ ❛ ✐❧ ❈❉❋ ❞❡❧❧❛ ♣✐❛  ❛❢♦ ♠❛ ❆✛②♠❡  ✐① ✉ ✐❧✐③③❛ ❛ ♣❡  ❣❧✐ ❡ ♣❡ ✐♠❡♥ ✐✿
✶❉❛❧  ✐ ♦ ❞✐ ❇✐♦❝♦♥❞✉❝ ♦ ✿ ❤  ♣✿✴✴✇✇✇✳❜✐♦❝♦♥❞✉❝ ♦ ✳♦ ❣✴❤❡❧♣✴♣✉❜❧✐❝❛✲
 ✐♦♥ ✴✷✵✵✸✴❈❤✐❛ ❡  ✐✴❝❤✐❛ ❡  ✐✷✴
✷❙❝❛ ✐❝❛❜✐❧❡ ❧✐❜❡ ❛♠❡♥ ❡ ❞❛❧  ✐ ♦ ❤  ♣✿✴✴✇✇✇✳ ✲♣ ♦❥❡❝ ✳♦ ❣✴
✸❉❛❧  ✐ ♦ ❞✐ ❇✐♦❝♦♥❞✉❝ ♦ ✿ ❤  ♣✿✴✴✇✇✇✳❜✐♦❝♦♥❞✉❝ ♦ ✳♦ ❣✴♣❛❝❦❛✲
❣❡ ✴✷✳✾✴❜❧♦❝✴❤ ♠❧✴❛✛②✳❤ ♠❧
✹✽✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
❯✾✺❆✈✷ ✹✳ ❆  ✉❡  ♦ ♣✉♥ ♦      ♣♦ ✉ ♦ ♥♦ ♠❛❧✐③③❛ ❡ ✐ ❞❛ ✐ ❛   ❛✈❡  ♦ ✉♥❛
♥♦ ♠❛❧✐③③❛③✐♦♥❡ ❘♦❜✉   ▼✉❧ ✐✲❛  ❛② ❆♥❛❧② ✐  ✭❘▼❆✮ ❡  ✉❛♥ ✐❧❡ ❬✸✱ ✹❪✳ ■❧
♠♦❞❡❧❧♦ ❘▼✱ ♣❡  ❧❛ ♥♦ ♠❛❧✐③③❛③✐♦♥❡ ❞❡✐ ❞❛ ✐✱ ♣ ❡✈❡❞❡ ✐  ❡❣✉❡♥ ✐ ♣❛  ✐✿
• ❈♦  ❡③✐♦♥❡ ❞❡❧  ❡❣♥❛❧❡ ♣❡  ✐❧ ❜❛❝❦❣ ♦✉♥❞✱ ❝♦♥ ❧♦  ❝♦♣♦ ❞✐ ❛❣❣✐✉✲
  ❛ ❡ ❧❡ ✐♥ ❡♥ ✐   ❞❡✐  ▼ ❛❧ ✜♥❡ ❞✐  ✐♠✉♦✈❡ ❡ ❧✬❡✛❡  ♦ ❞♦✈✉ ♦ ❛❧
❜❛❝❦❣ ♦✉♥❞❀
• ◆♦ ♠❛❧✐③③❛③✐♦♥❡  ✉❛♥ ✐❧❡✲ ✉❛♥ ✐❧❡✱ ❝❤❡ ❤❛ ❧♦  ❝♦♣♦ ❞✐  ❡♥❞❡ ❡ ✉❣✉❛❧✐
❧❡ ❞✐   ✐❜✉③✐♦♥✐ ❞❡❧❧✬✐♥ ❡♥ ✐   ❞❡✐ ♣ ♦❜❡ ♣❡  ❝✐❛ ❝✉♥ ❛  ❛②❀
• ❯ ✐❧✐③③♦ ❞✐ ✉♥ ♠♦❞❡❧❧♦  ♦❜✉  ♦ ❛❞ ❡✛❡  ✐ ✜  ✐ ✭ ♣ ♦❜❡ ❡ ✮   ❛ ❛  ❛②
♣❡    ✐♠❛ ❡ ✐❧ ✈❛❧♦ ❡ ❞✐ ❡ ♣ ❡  ✐♦♥❡✳
✹✳✷ ■❧ ♣❛ ❤✇❛② ❈❤ ♦♥✐❝ ▼②❡❧♦✐❞ ▲❡✉❦❡♠✐❛
▲❛ ❧❡✉❝❡♠✐❛ ♠✐❡❧♦✐❞❛❧❡ ❝ ♦♥✐❝❛   ♦ ✐❣✐♥❛ ❛ ✐♥ ✉♥❛ ❝❡❧❧✉❧❛ ❡♠❛ ♦♣♦✐❡ ✐❝❛
♣❧✉ ✐♣♦ ❡♥ ❡ ♥❡❧ ♠✐❞♦❧❧♦ ♦  ❡♦✳ ▲❛ ❝❡❧❧✉❧❛ ♣❧✉ ✐♣♦ ❡♥ ❡   ✐♥ ❣ ❛❞♦ ❞✐ ❞❛ ❡
♦ ✐❣✐♥❡ ❛ ♣✐  ♣♦♣♦❧❛③✐♦♥✐ ❝❡❧❧✉❧❛ ✐✱ ✐♥  ✉❡  ♦ ❝❛ ♦ ❞❡❧ ♠✐❞♦❧❧♦ ♦  ❡♦✳ ▲❛
♣ ✐♥❝✐♣❛❧❡ ❝❛ ❛  ❡ ✐  ✐❝❛ ❞✐  ✉❡  ❛ ♠❛❧❛  ✐❛   ❞❛ ❛ ❞❛❧ ♥✉♠❡ ♦  ❡♠♣ ❡
❝ ❡ ❝❡♥ ❡ ❞✐ ❣ ❛♥✉❧♦❝✐ ✐ ♥❡❧  ❛♥❣✉❡✳ ■♥  ✉❡  ♦ ❡❧❛❜♦ ❛ ♦     ❛ ♦ ✉ ✐❧✐③③❛ ♦
✐❧ ♣❛ ❤✇❛② ❈❤ ♦♥✐❝ ▼②❡❧♦✐❞ ▲❡✉❦❡♠✐❛ ✱ ♣ ❡ ❡♥ ❛ ♦ ✐♥ ✜❣✉ ❛ ✸✳✶ ✺✳  ❡  ❛✈❡ ❡
✉♥❛ ✈✐ ✐♦♥❡ ♣✐  ❝❤✐❛ ❛ ❞❡❧❧❡ ✈✐❡ ❞✐  ❡❣♥❛❧❡ ❝❤❡ ❝♦♠♣♦♥❣♦♥♦ ✉♥ ♣❛ ❤✇❛② ❡
♣❡  ❛✈✈✐❝✐♥❛  ✐ ♠❛❣❣✐♦ ♠❡♥ ❡ ❛❧❧❛  ✉❛  ❛✣❣✉ ❛③✐♦♥❡ ♦ ✐❣✐♥❛❧❡ ❧❛ ✜❣✉ ❛ ✸✳✶
✐♥ ❛❧❝✉♥✐ ❝❛ ✐ ♣ ❡ ❡♥ ❛ ❛❧❝✉♥✐ ♥♦❞✐ ❝❤❡  ♦♥♦ ❞✉♣❧✐❝❛ ✐✳ ■❧ ❣ ❛❢♦ ♦ ✐❣✐♥❛❧❡
✹❉❛❧  ✐ ♦✿ ❤  ♣✿✴✴❣❡♥❡❝❛ ❞ ✳✇❡✐③♠❛♥♥✳❛❝✳✐❧✴❣❡♥❡❛♥♥♦ ✴❝✉  ♦♠❝❞❢✳ ❤ ♠❧
✺❉❛❧  ✐ ♦✿ ❤  ♣✿✴✴✇✇✇✳❣❡♥♦♠❡✳❥♣✴❦❡❣❣✲❜✐♥✴ ❤♦✇❴♣❛ ❤✇❛②❄❤ ❛✵✺✷✷✵
✹✾✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
❡  ❡♠♣❧✐✜❝❛ ♦  ✉ ❝✉✐  ♦♥♦   ❛ ❡  ✈♦❧ ❡ ❧❡ ❛♥❛❧✐ ✐    ✐♣♦  ❛ ♦ ✐♥ ❆♣♣❡♥❞✐❝❡
✭❋✐❣✉ ❡ ✶✱ ✸✮✳
■❧ ♣❛ ❤✇❛② ✈✐ ✉❛❧✐③③❛ ♦ ♦✛ ❡ ♠♦❧ ❡ ✐♥❢♦ ♠❛③✐♦♥✐ ♦❧  ❡ ❛  ✉❡❧❧❡ ♣✉ ❛♠❡♥✲
 ❡ ❣ ❛✜❝❤❡ ❣✐  ✐♥  ♦❞♦  ❡ ♥❡❧ ♣❛ ❛❣ ❛❢♦ ✸✳✶✳ ❙❡  ✐ ❝❧✐❝❝❛  ✉❧  ❡  ❛♥❣♦❧♦ ✐♥
❛❧ ♦ ❛  ✐♥✐   ❛ ❝♦♥ ❡♥❡♥ ❡ ✐❧ ♥♦♠❡ ❞❡❧ ♣❛ ❤✇❛② ✈✐❡♥❡  ❡  ✐ ✉✐ ❛ ✉♥❛ ♣❛❣✐♥❛
✇❡❜ ❝♦♥ ❡♥❡♥ ❡✿
• ▲❛ ❞❡ ❝ ✐③✐♦♥❡ ❞❡❧ ♣❛ ❤✇❛②❀
• ■❧ ♥♦♠❡ ❞❡❧ ♣❛ ❤✇❛②❀
• ❯♥❛ ❞❡ ❝ ✐③✐♦♥❡  ✐❛  ✉♥ ✐✈❛ ❞❡❧ ♣ ♦❝❡  ♦ ❜✐♦❧♦❣✐❝♦ ♠♦   ❛ ♦ ♥❡❧❧❛
♠❛♣♣❛❀
• ❯♥ ❧✐♥❦ ❛ ❑❊●● ❉■❙❊❆❙❊ ✐♥ ❝✉✐ ✈❡♥❣♦♥♦ ❞❛ ❡ ✐♥❢♦ ♠❛③✐♦♥✐  ✐✲
❣✉❛ ❞❛♥ ✐ ❧❛ ♠❛❧❛  ✐❛ ❛ ❝✉✐ ✐ ❣❡♥✐  ♦♥♦ ❛  ♦❝✐❛ ✐❀
• ▲❛ ❧✐  ❛ ❞❡✐ ♥♦❞✐ ❝♦✐♥✈♦❧ ✐ ♥❡❧ ♣❛ ❤✇❛②✱  ✐❛ ❣❡♥✐ ❝❤❡ ♣ ♦ ❡✐♥❡✱  ❛♣✲
♣ ❡ ❡♥ ❛ ❡ ❣ ❛✜❝❛♠❡♥ ❡ ❝♦♥ ❞❡✐  ❡  ❛♥❣♦❧✐❀
• ▲❛ ❧✐  ❛ ❞❡✐ ❝♦♠♣♦✉♥❞ ♣ ❡ ❡♥ ✐ ♥❡❧ ♣❛ ❤✇❛②✱  ❛♣♣ ❡ ❡♥ ❛ ✐ ❣ ❛✜❝❛✲
♠❡♥ ❡ ❝♦♥ ❞❡✐ ❝❡ ❝❤✐❀
• ▲❛ ❧✐  ❛ ❞❡❧❧❡  ❡❢❡ ❡♥③❡ ✉ ✐❧✐③③❛ ❡ ♣❡  ❧❛ ❝ ❡❛③✐♦♥❡ ❞❡❧ ❞✐ ❡❣♥♦ ❞❡❧
♣❛ ❤✇❛②❀
• ▲❛ ❧✐  ❛ ❞❡✐ ♣❛ ❤✇❛②  ❝♦❧❧❡❣❛ ✐ ❝♦♥  ✉❡❧❧♦ ✐♥ ❡ ❛♠❡✳
■♥♦❧  ❡✱  ♦ ♥❛♥❞♦ ❛❧❧❛ ♠❛♣♣❛ ❞❡❧ ♣❛ ❤✇❛②✱  ❡ ❝✐  ✐ ♣♦ ✐③✐♦♥❛ ❝♦♥ ✐❧ ♠♦✉ ❡
 ♦♣ ❛ ✉♥❛ ❞❡❧❧❡ ❡♥ ✐  ✱ ✈✐❡♥❡ ✈✐ ✉❛❧✐③③❛ ♦ ✐❧ ♥♦♠❡ ❞❡❧ ❣❡♥❡ ❡ ❧✬✐❞❡♥ ✐✜❝❛ ✐✈♦
✺✵✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
■❉ ❞❡❧❧♦   ❡  ♦✻✳ ❙✐ ♥♦ ❛✱ ✐♥♦❧  ❡✱ ❝❤❡ ✐♥ ❛❧❝✉♥✐ ❝❛ ✐ ✈❡♥❣♦♥♦  ❡  ✐ ✉✐ ✐ ♣✐ 
■❉ ❣❡♥✐❝✐✱  ✉❡  ♦   ❛ ❛  ❡❣♥❛❧❛ ❡ ❝❤❡  ✐   ✐♥ ♣ ❡ ❡♥③❛ ❞✐ ❣ ✉♣♣✐ ❆◆❉
♦ ❣ ✉♣♣✐ ❖❘✱ ♠❛ ♣❡  ❝❛♣✐ ❡ ❛  ✉❛❧❡ ❞❡❧❧❡ ❞✉❡  ✐♣♦❧♦❣✐❡ ❞✐ ❣ ✉♣♣✐ ❝✐  ✐
 ✐❢❡ ✐ ❝❡   ♥❡❝❡  ❛ ✐♦ ❢❛ ❡  ✐❢❡ ✐♠❡♥ ♦ ❛❧ ❝♦❞✐❝❡ ❑●▼▲✳
✹✳✷✳✶ ■❧ ♣❛ ❤✇❛②  ❡♠♣❧✐✜❝❛ ♦
❘✐❢❡ ❡♥❞♦ ✐ ❛❧ ♣❛ ❤✇❛② ✐♥  ♦❞♦  ♦ ♥❡❧ ♣❛ ❛❣ ❛❢♦ ♣ ❡❝❡❞❡♥ ❡  ✐   ❛♥❛❧✐③③❛ ♦
✐❧ ❑●▼▲ ❡  ✐  ♦♥♦ ✐♥❞✐✈✐❞✉❛ ✐ ✐ ❣ ✉♣♣✐ ❆◆❉✱ ❖❘ ❡ ❧❡ ❧♦ ♦ ❡✈❡♥ ✉❛❧✐
♥✐❞✐✜❝❛③✐♦♥✐ ✭✈❡❞✐  ❛❜❡❧❧❛ ✹✳✶ ❡ ✜❣✉ ❛ ✹✳✷✮✳ ▲✬✐❞❡❛ ❛❧❧❛ ❜❛ ❡ ❞✐  ✉❡  ♦
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❘❆❋ ❆❘❆❋✱ ❘❆❋✶✱ ❇❘❆❋
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▼❆  ▼❆ ❑✶✱ ▼❆ ❑✸
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❈❚❇ ✶ ❈❚❇ ✶✱ ❈❚❇ ✷
❍❉❆❈✷ ❍❉❆❈✶✱ ❍❉❆❈✷
❚●❋❇ ❚●❋❇✶✱ ❚●❋❇✷✱ ❚●❋❇✸
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❚●❋❇❘✶✳❚●❋❇❘✷ ❚●❋❇❘✶✱ ❚●❋❇❘✷
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❚❛❜❡❧❧❛ ✹✳✶✿ ◆♦♠✐ ❛  ❡❣♥❛ ✐ ❛✐ ❣ ✉♣♣♦ ❖❘ ❡ ❆◆❉ ❡ ✐ ❣❡♥✐ ❝❤❡ ❧✐ ❝♦♠♣♦♥❣♦♥♦
✹✳✸ ■ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐
▲❛ ♣ ✐♠❛ ❝♦ ❛ ❝❤❡     ❛ ❛ ❢❛  ❛ ♥❡❧❧❡ ❝✐♥ ✉❡ ♠❛  ✐❝✐     ❛ ❛ ❧✬✐❞❡♥ ✐✜❝❛③✐♦✲
♥❡ ❞❡✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐✳ ❈♦♠❡ ♣ ✐♠♦ ♣❛  ♦     ❛ ❛ ❝ ❡❛ ❛
❧❛ ♠❛  ✐❝❡ ❞❡❧ ❞✐ ❡❣♥♦✱
✺✼✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
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37 − esima posizione ✭✹✳✶✮
 ♦✐ ❝♦♥ ❧✬✉ ✐❧✐③③♦ ❞❡❧ ♣❛❝❝❤❡  ♦ ▲✐♠♠❛✾✱     ❛ ♦   ✐♠❛ ♦ ✉♥ ♠♦❞❡❧❧♦ ❧✐♥❡❛ ❡
♣❡  ♦❣♥✐  ✐♥❣♦❧♦ ❣❡♥❡✱ ✐♥ ♦❣♥✉♥❛ ❞❡❧❧❡ ♠❛  ✐❝✐ ❝♦♥ ✐❞❡ ❛ ❡✱ ❛   ❛✈❡  ♦ ❧❛
❢✉♥③✐♦♥❡ ❧♠❋✐ ✭✮✱  ✉ ❝✉✐ ♣♦✐  ♦♥♦   ❛ ❡   ✐♠❛ ❡ ❧❛   ❛ ✐  ✐❝❛  ✲♠♦❞❡ ❛ ❛
✭✷✳✶✾✮ ❡ ✐ ❧♦❣✲♦❞❞  ❞❡❧❧❛ ❞✐✛❡ ❡♥③✐❛❧❡ ❡ ♣ ❡  ✐♦♥❡ ✉ ✐❧✐③③❛♥♦ ❧❛ ❢✉♥③✐♦♥❡
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❚❛❜❡❧❧❛ ✹✳✺✿ ●❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ✐♥ ✧▼❉❊✧
✻✵✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
■❉ ❧♦❣❋❈   ♣✳✈❛❧✉❡
◆❋❑❇■❆ ✲✵✳✼✶✷✵ ✲✸✳✸✻✻✻ ✵✳✵✵✶✶✽
❆❇▲ ✲✵✳✼✺✻✵ ✲✷✳✹✺✼✻ ✵✳✵✶✻✶✾
▼❉▼✷ ✲✵✳✶✺✵✸ ✲✷✳✹✹✵✽ ✵✳✵✶✻✾✵
❘❇✶ ✵✳✶✾✼✻ ✷✳✸✼✹✼ ✵✳✵✷✵✵✶
▼❊❈❖▼ ✲✵✳✶✷✼✻ ✶✳✽✾✺✹ ✵✳✵✻✶✼✷
▼❨❈ ✵✳✶✻✷✵ ✶✳✽✹✸✽ ✵✳✵✻✽✾✾
◆❋❑❇✶ ✲✵✳✸✻✹✵ ✲✶✳✽✵✹✻ ✵✳✵✼✹✾✽
❚❛❜❡❧❧❛ ✹✳✻✿ ●❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ✐♥ ✧❈ ✧
❈♦♠❡  ✐ ♣✉  ♥♦ ❛ ❡ ♥❡❧❧❛  ❛❜❡❧❧❛ ✹✳✷✱ ♥❡❧❧❛ ♠❛  ✐❝❡ ✏▼■✑ ✈❡♥❣♦♥♦ ✐♥✲
❞✐✈✐❞✉❛ ✐✱ ❛ ✉♥ ❧✐✈❡❧❧♦ α = 0,1 ♣❡  ✐❧ ♣✲✈❛❧✉❡ ♥♦♥ ❝♦  ❡  ♦✱  ♦❣❧✐❛ ❝❤❡
✈❡    ♠❛♥ ❡♥✉ ❛ ❛♥❝❤❡ ♣❡   ✉  ❡ ❧❡ ❛❧  ❡  ✐ ✉❛③✐♦♥✐✱ ✶✹ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧✲
♠❡♥ ❡ ❡ ♣ ❡  ✐✳ ❘❡❧❛ ✐✈❛♠❡♥ ❡ ❛ ✧▼❊✧ ✈❡♥❣♦♥♦ ✐♥❞✐✈✐❞✉❛ ✐  ♦❧♦ ✼ ❣❡♥✐
❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐❀ ✈❛ ♥♦ ❛ ♦ ❝❤❡ ✐❧ ❣ ✉♣♣♦ ❖❘ ✧❆❇▲✧✱  ✐ ✉❧ ❛ ♦
❞❡❧❧❛ ♠❡❞✐❛ ❞❡✐ ❣❡♥✐ ❆❇▲✶ ❡ ❇❈❘✱ ♥❛ ❝♦♥❞❡ ♣❛ ③✐❛❧♠❡♥ ❡ ❧✬❡✛❡  ♦ ❞❡❧
♣ ✐♠♦ ❝❤❡✱ ❝♦♠❡  ✐ ✈❡❞❡ ✐♥  ❛❜❡❧❧❛ ✹✳✸✱  ✐ ✉❧ ❛ ❡  ❡ ❡ ❛❧ ❛♠❡♥ ❡  ✐❣♥✐✜✲
❝❛ ✐✈♦✳ ❯ ❛♥❞♦ ❧❛ ♠❡❞✐❛ ❝♦♠❡  ✐♥ ❡ ✐ ♣❡  ✐ ✈❛❧♦ ✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡ ❞❡✐ ❞✉❡
❣ ✉♣♣✐  ✐ ♥♦ ❛ ❝♦♠❡ ♥♦♥  ✐ ✉❧ ✐  ✐❣♥✐✜❝❛ ✐✈♦ ❛❧❝✉♥ ❣ ✉♣♣♦ ❆◆❉ ❡  ♦❧♦ ✷
  ❛ ✐ ❣ ✉♣♣✐ ❖❘ ✭❆❇▲ ❡ ◆❋❑❇✶✮✳ ◆❡❧❧❛  ❛❜❡❧❧❛ ✹✳✷  ✐ ✉❧ ❛♥♦  ✐❣♥✐✜❝❛✲
 ✐✈✐ ❣❡♥✐ ❝❤❡ ❢♦ ♠❛♥♦ ❣ ✉♣♣✐ ❖❘ ❝♦♠❡ ❈❉❑✹ ✭ ✐❣♥✐✜❝❛ ✐✈♦ ❛ ✉♥ ❧✐✈❡❧❧♦
α = 0,01✮✱ ▼❊❈❖▼✱ ❊✷❋✶ ✭ ✐❣♥✐✜❝❛ ✐✈✐ ❛ ❧✐✈❡❧❧♦ α = 0,05✮✱ ❙❚❆❚✺❆
❡ ❈❇▲❇ ✭ ✐❣♥✐✜❝❛ ✐✈✐ ❛ ✉♥ ❧✐✈❡❧❧♦ α = 0,1✮✱ ❝❤❡ ♥♦♥  ♦♥♦✱ ♣❡  ✱   ❛ ✐
✐❞❡♥ ✐✜❝❛ ✐ ✉ ✐❧✐③③❛♥❞♦ ❧❛ ♠❡❞✐❛ ❝♦♠❡  ✐♥ ❡ ✐✳ ◆❡❧❧❛ ❚❛❜❡❧❧❛ ✹✳✹  ♦♥♦  ✐✲
♣♦  ❛ ✐ ✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐   ♦✈❛ ✐  ✉❛♥❞♦ ✈✐❡♥❡ ❝♦♥ ✐❞❡ ❛ ♦
❝♦♠❡  ❛♣♣ ❡ ❡♥ ❛ ✐✈♦✱ ♣❡  ✐❧ ❣ ✉♣♣♦ ❖❘✱ ✐❧ ❣❡♥❡ ❝❤❡ ♣ ❡ ❡♥ ❛ ♠❛  ✐♠❛
❞✐✛❡ ❡♥③✐❛❧❡ ❡ ♣ ❡  ✐♦♥❡✱ ♠❡♥  ❡ ♣❡  ✐ ❣ ✉♣♣✐ ❆◆❉ ✈✐❡♥❡ ✉ ✐❧✐③③❛ ❛ ❝♦♠❡
 ✐♥ ❡ ✐  ❡♠♣ ❡ ❧❛ ♠❡❞✐❛ ❛ ✐ ♠❡ ✐❝❛✳ ■♥  ✉❡  ♦ ❝❛ ♦  ✐ ♣✉  ♥♦ ❛ ❡ ❝♦♠❡ ✐❧
✻✶✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❝❤❡ ✈✐❡♥❡ ✐❞❡♥ ✐✜❝❛ ♦  ✐❛  ✉♣❡ ✐♦ ❡  ✐ ♣❡  ♦ ❛❧❧❛  ✐ ✉❛③✐♦♥❡
♣ ❡❝❡❞❡♥ ❡✳ ❙♦♥♦ ✐❞❡♥ ✐✜❝❛ ✐ ❝♦♠❡ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ✶✷ ❣❡♥✐✱ ❞✐
❝✉✐ ✺ ❣ ✉♣♣✐ ❖❘ ✭❆❇▲✱ ◆❋❑❇✶✱ ▼❊❈❖▼✱ ❙❚❆❚ ❡ ▼❆ ✷✮ ❡ ✷ ❣ ✉♣♣✐
❆◆❉ ✭❈❈◆❉✶✳❈❉❑✹ ❡ ❈❘❑▲✳❈❇▲❇✮✳ ■♥ ♣❛  ✐❝♦❧❛ ❡  ✐ ♥♦ ❛ ❝❤❡ ✐❧ ❣ ✉♣✲
♣♦ ❆❇▲    ♦ ♥❛ ♦ ❛ ❡  ❡ ❡ ❛❧ ❛♠❡♥ ❡  ✐❣♥✐✜❝❛ ✐✈♦✱ ❡ ✐♥♦❧  ❡  ✐ ✈❡❞❡ ❝♦♠❡ ✐
❣❡♥✐ ❝❤❡  ♦♥♦   ❛ ✐ ✐❞❡♥ ✐✜❝❛ ✐ ❝♦  ✐ ♣♦♥❞❛♥♦ ❛  ✉❡❧❧✐ ✐❞❡♥ ✐✜❝❛ ✐ ✐♥ ✏▼■✑✱
❝♦♥ ❧❛  ♦❧❛ ❡❝❝❡③✐♦♥❡ ❞❡❧ ❣❡♥❡ ❊✷❋✶ ✭✐♥  ✉❡  ♦ ❝❛ ♦ ❛♣♣❛  ❡♥❡♥ ❡ ❛❧ ❣ ✉♣✲
♣♦ ❖❘ ❞❡♥♦♠✐♥❛ ♦ ❊✷❋✮ ❝❤❡ ♥♦♥ ✈✐❡♥❡ ✐❞❡♥ ✐✜❝❛ ♦✳ ❯♥✬❛❧  ❛ ❞✐✛❡ ❡♥③❛
  ❛ ♥❡❧ ❢❛  ♦ ❝❤❡ ✐❧  ✐♥❣♦❧♦ ❣❡♥❡ ❈❇▲❇✱  ❡ ❝♦♥ ✐❞❡ ❛ ♦ ❞❛  ♦❧♦✱  ✐ ✉❧ ❛
❛✈❡ ❡ ✉♥❛  ✐❣♥✐✜❝❛ ✐✈✐   ♠✐♥♦ ❡ ✭♣✳✈❛❧✉❡❂✵✳✵✾✶✶✵✮ ❞✐  ✉❡❧❧❛ ❝❤❡ ✐♥✈❡❝❡  ✐
  ♦✈❛ ❝♦♥ ✐❞❡ ❛♥❞♦❧♦ ❛❧❧✬✐♥ ❡ ♥♦ ❞❡❧ ❣ ✉♣♣♦ ❆◆❉ ✏❈❘❑▲✳❈❇▲❇✑ ✭ ♣✳✈❛✲
❧✉❡❂✵✳✵✻✸✼✷✮✳ ◆❡❧❧❛  ❛❜❡❧❧❛ ✹✳✺  ♦♥♦  ✐♣♦  ❛ ✐ ✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡
❡ ♣ ❡  ✐   ♦✈❛ ✐  ✉❛♥❞♦ ✈✐❡♥❡ ❝♦♥ ✐❞❡ ❛ ♦ ❝♦♠❡  ❛♣♣ ❡ ❡♥ ❛ ✐✈♦✱ ♣❡  ❡♥✲
  ❛♠❜❡ ❧❡  ✐♣♦❧♦❣✐❡ ❞✐ ❣ ✉♣♣✐✱ ✐❧ ❣❡♥❡ ❝❤❡ ♣ ❡ ❡♥ ❛ ♠❛  ✐♠❛ ❞✐✛❡ ❡♥③✐❛❧❡
❡ ♣ ❡  ✐♦♥❡ ✐♥ ♠❡❞✐❛✳ ■  ✐ ✉❧ ❛ ✐ ♦  ❡♥✉ ✐  ♦♥♦ ♠♦❧ ♦  ✐♠✐❧✐ ❛  ✉❡❧❧✐   ♦✈❛ ✐
♥❡❧ ❝❛ ♦ ♣ ❡❝❡❞❡♥ ❡✳ ❱❡♥❣♦♥♦ ✐❞❡♥ ✐✜❝❛ ✐✱ ❝♦♠❡ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡ ✲
 ✐✱ ❣❧✐   ❡  ✐ ✶✷ ❣❡♥✐✱   ❛ ✐  ✉❛❧✐ ✺ ❣ ✉♣♣✐ ❖❘ ❡ ✷ ❣ ✉♣♣✐ ❆◆❉✳ ■♥  ✉❡  ♦
❝❛ ♦  ✐ ♥♦ ❛ ❝♦♠❡ ✐❧ ❣ ✉♣♣♦ ❆◆❉ ✏❈❘❑▲✳❈❇▲❇✑  ♦ ♥✐ ❛❞ ❛✈❡ ❡ ✉♥❛  ✐✲
❣♥✐✜❝❛ ✐✈✐   ♠♦❧ ♦  ✐♠✐❧❡ ❛  ✉❡❧❧❛ ♠♦   ❛ ❛ ❞❛❧ ❣❡♥❡ ❈❇▲❇ ♥❡❧ ❝❛ ♦ ✐♥
❝✉✐ ✈❡♥❣❛ ❝♦♥ ✐❞❡ ❛ ♦ ❞❛  ♦❧♦✳ ◆❡❧❧❛  ❛❜❡❧❧❛ ✹✳✻✱ ✐♥✜♥❡✱  ♦♥♦  ✐♣♦  ❛ ✐ ✐
❣❡♥✐ ✐❞❡♥ ✐✜❝❛ ✐ ❝♦♠❡ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐  ✉❛♥❞♦  ✐ ❝♦♥ ✐❞❡ ❛ ❝♦✲
♠❡  ✐♥ ❡ ✐ ❞❡✐ ✈❛❧♦ ✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡ ❧❛ ♣ ✐♠❛ ❝♦♠♣♦♥❡♥ ❡ ♣ ✐♥❝✐♣❛❧❡✳ ❊✬
❡✈✐❞❡♥ ❡ ❝♦♠❡  ✉❡  ❛ ♣ ♦❝❡❞✉ ❛ ♥❛ ❝♦♥❞❛ ❧❛ ❞✐✛❡ ❡♥③✐❛❧❡ ❡ ♣ ❡  ✐♦♥❡ ❞❡✐
❣ ✉♣♣✐ ❆◆❉ ❡ ❖❘✳ ■♥  ♦ ❛❧❡ ✈❡♥❣♦♥♦ ✐❞❡♥ ✐✜❝❛ ✐ ✼ ❣❡♥✐✱ ❞✐ ❝✉✐ ✸ ❣ ✉♣♣✐
❖❘ ❡ ♥❡  ✉♥ ❣ ✉♣♣♦ ❆◆❉✳ ■♥ ♣✐   ✐ ♥♦ ❛ ❛♥❝❤❡ ❝❤❡ ❧❛  ✐❣♥✐✜❝❛ ✐✈✐   ✈✐❡✲
✻✷✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
♥❡  ✐❞♦  ❛ ♠♦❧ ♦ ✐♥  ✉  ✐ ✐ ❣❡♥✐ ✐❞❡♥ ✐✜❝❛ ✐✱  ♦♣ ❛  ✉  ♦  ❡  ✐ ❝♦♥ ✐❞❡ ❛ ✐❧
❣ ✉♣♣♦ ❆❇▲ ❝❤❡ ♣❛  ❛ ❞❛ ✉♥ ❧✐✈❡❧❧♦ ❞✐  ✐❣♥✐✜❝❛ ✐✈✐   ♣ ♦  ✐♠♦ ❛ ✵ ❛ ✉♥
♣✳✈❛❧✉❡❂✵✳✵✶✻✶✾✶✳
✹✳✹ ▲✬❛♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❛
■♥  ✉❡  ♦ ♣❛ ❛❣ ❛❢♦ ✈❡♥❣♦♥♦ ♣ ❡ ❡♥ ❛ ✐ ✐  ✐ ✉❧ ❛ ✐ ❞❡❧❧✬❛♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❛✱
 ✈♦❧ ❛ ✉ ✐❧✐③③❛♥❞♦ ❚♦♣♦❧♦❣②●❙❆ ❛❧❧✬✐♥ ❡ ♥♦ ❞❡❧ ♣❛❝❝❤❡  ♦ ❣ ❛♣❤✐ ❡✶✵✳ ■♥
 ✉❡  ❛ ❛♥❛❧✐ ✐ ✈❡♥❣♦♥♦ ✉ ✐❧✐③③❛ ✐ ✐ ♠♦❞❡❧❧✐ ❣ ❛✜❝✐ ♣❡   ❡  ❛ ❡ ❧❡ ❝♦♠♣♦✲
♥❡♥ ✐ ❞❡❧ ♣❛ ❤✇❛②✱ ❢♦❝❛❧✐③③❛♥❞♦ ❧✬❛  ❡♥③✐♦♥❡  ✉❧❧❡ ❝♦♠♣♦♥❡♥ ✐ ❞❡❧ ♣❛ ❤✇❛②
♠♦ ❛❧✐③③❛ ♦ ❡   ✐❛♥❣♦❧❛ ✐③③❛ ♦ ✭✈❡❞✐ ✜❣✉ ❛ ✹ ✐♥ ❆♣♣❡♥❞✐❝❡✮ ❝♦✐♥✈♦❧ ❡ ♥❡❧
♣ ♦❝❡  ♦ ❞✐ ❞❡ ❡❣♦❧❛③✐♦♥❡✳  ❡   ✉  ❡ ❧❡ ❛♥❛❧✐ ✐ ♣ ❡ ❡♥ ❛ ❡ ✐♥  ✉❡  ♦ ♣❛ ❛✲
❣ ❛❢♦     ❛ ♦ ✉ ✐❧✐③③❛ ♦ ❝♦♠❡ ❧✐✈❡❧❧♦ ❞✐  ✐❣♥✐✜❝❛ ✐✈✐   ❞❡✐  ❡   ✉♥ ❧✐✈❡❧❧♦ α
♣❛ ✐ ❛ ✵✳✵✺✳ ◆❡❧❧❛ ♣ ✐♠❛ ❛♥❛❧✐ ✐  ✈♦❧ ❛✱ ✐ ❝✉✐  ✐ ✉❧ ❛ ✐  ♦♥♦  ❛♣♣ ❡ ❡♥ ❛ ✐
♥❡❧❧❛  ❛❜❡❧❧❛ ✹✳✼✱     ❛ ❛  ❡  ❛ ❛ ❧✬✐♣♦ ❡ ✐ ❞✐ ✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❛  ✐❝✐ ❞✐
❝♦♥❝❡♥  ❛③✐♦♥❡✱ ♥❡❧❧❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐✱ ♥❡❧ ♣❛ ❤✇❛② ❡ ♣❛♥ ♦✳
❙✐ ♣✉  ♥♦ ❛ ❡ ❝♦♠❡ ✐❧ ✈❛❧♦ ❡ ♦  ❡ ✈❛ ♦ ❞❡❧ ❧✐✈❡❧❧♦ ❞✐  ✐❣♥✐✜❝❛ ✐✈✐   ❞❡❧❧❛
  ❛ ✐  ✐❝❛  ❡   ✭❛❧♣❤❛✳♦❜ ✮  ✐ ✉❧ ✐ ❛❧ ❛♠❡♥ ❡  ✐❣♥✐✜❝❛ ✐✈♦✳  ❡   ✉❛♥ ♦  ✐✲
❣✉❛ ❞❛ ✐❧ ♣❛ ❤✇❛②  ❡♠♣❧✐✜❝❛ ♦✱ ✉ ✐❧✐③③❛♥❞♦ ✉♥❛ ❞❡❧❧❡ ♠❡ ♦❞♦❧♦❣✐❡ ❡ ♣♦  ❡
♣ ❡❝❡❞❡♥ ❡♠❡♥ ❡✱ ✐  ✐ ✉❧ ❛ ✐ ♣✐   ✐❣♥✐✜❝❛ ✐✈✐  ♦♥♦ ❞❛ ✐ ❞❛❧❧❡ ♠❡ ♦❞♦❧♦❣✐❡
✏▼▼❉❊✑ ❡ ✏▼❉❊✑✳ ◆❡❧ ❝❛ ♦ ✐♥ ❝✉✐  ✐ ✉ ✐❧✐③③✐ ❝♦♠❡  ✐♥ ❡ ✐ ♣❡  ✐ ❣ ✉♣♣✐
❆◆❉ ❡ ❖❘ ❧❛ ❝♦♠♣♦♥❡♥ ❡ ♣ ✐♥❝✐♣❛❧❡ ❧✬✐♣♦ ❡ ✐ ❞✐ ✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❛  ✐✲
❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡ ✈✐❡♥❡  ✐✜✉ ❛ ❛ ❛ ✉♥ ❧✐✈❡❧❧♦  ♦❣❧✐❛ ❞✐ ✵✳✵✺ ✭ ❛❧♣❤❛✳♦❜ 
❂ ✵✳✶✾✼✵✮✳
✶✵❤  ♣✿✴✴✇✇✇✳❜✐♦❝♦♥❞✉❝ ♦ ✳♦ ❣✴♣❛❝❦❛❣❡ ✴ ❡❧❡❛ ❡✴❜✐♦❝✴❤ ♠❧✴❣ ❛♣❤✐ ❡✳❤ ♠❧
✻✸✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
▼■ ▼❊ ▼▼❉❊ ▼❉❊ ❈ 
❛❧♣❤❛✳♦❜  1.9892e−07 ✵✳✵✶✹✽ ✵✳✵✵✵✹ ✵✳✵✵✵✸ ✵✳✶✾✼✵
❝❤❡❝❦ ❚❘❯❊ ❚❘❯❊ ❚❘❯❊ ❚❘❯❊ ❋❆▲❙❊
❧❛♠❜❞❛✳♦❜  ✸✼✹✳✷✺✵✼ ✶✵✽✳✶✶✸✸ ✶✷✻✳✼✼✽✸ ✶✷✼✳✵✽✼ ✾✶✳✶✼✾✽
❧❛♠❜❞❛✳ ❤❡♦ ✷✼✾✳✷✽✼✻ ✾✻✳✷✶✻✼ ✾✻✳✷✶✻✼ ✾✻✳✷✶✻✼ ✾✻✳✷✶✻✼
❚❛❜❡❧❧❛ ✹✳✼✿ ❆♥❛❧✐ ✐  ✉❧❧❡ ✈❛ ✐❛♥③❡
▲❛  ❡❝♦♥❞❛ ❛♥❛❧✐ ✐✱ ✐ ❝✉✐  ✐ ✉❧ ❛ ✐  ♦♥♦  ✐♣♦  ❛ ✐ ♥❡❧❧❛  ❛❜❡❧❧❛ ✹✳✽✱ ♠✐✲
 ❛ ❛  ❡  ❛ ❡ ❧✬✉❣✉❛❣❧✐❛♥③❛ ❞❡✐ ❧✐✈❡❧❧✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡ ♥❡❧❧❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐
 ♣❡ ✐♠❡♥ ❛❧✐ ✭❇❈❘ ❡ ◆❊●✮✱ ❝♦♥❞✐③✐♦♥❛ ❛♠❡♥ ❡ ❛✐  ✐ ✉❧ ❛ ✐ ♦  ❡♥✉ ✐ ❝♦♥
❧✬❛♥❛❧✐ ✐  ✉❧❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡✳ ▲✬✐♣♦ ❡ ✐ ❞✐ ✉❣✉❛❣❧✐❛♥③❛ ❞❡✐ ❧✐✈❡❧✲
❧✐ ❞✐ ❡ ♣ ❡  ✐♦♥❡✱ ❛ ✉♥ ❧✐✈❡❧❧♦ ❞✐  ✐❣♥✐✜❝❛ ✐✈✐   ♣❛ ✐ ❛ ✵✳✵✺✱ ✈✐❡♥❡  ✐✜✉ ❛ ❛
 ✉❛♥❞♦  ✐ ❝♦♥ ✐❞❡ ❛ ❧❛ ♠❛  ✐❝❡ ✧▼■✧✳ ◗✉❡  ❛ ✈✐❡♥❡  ✐✜✉ ❛ ❛ ❛♥❝❤❡  ✉❛♥✲
❞♦  ✐ ❝♦♥ ✐❞❡ ❛ ✉♥❛  ✉❛❧ ✐❛ ✐  ✐♥ ❡ ✐ ❡ ♣♦  ❛  ♦♣ ❛✱  ❡❜❜❡♥❡   ❡✈✐❞❡♥ ❡ ❝❤❡
 ✉❛♥❞♦  ✐ ❝♦♥ ✐❞❡ ❛ ❝♦♠❡  ✐♥ ❡ ✐ ♣❡  ✐ ❣ ✉♣♣✐ ❖❘ ❧❛ ♠❛  ✐♠❛ ❞✐✛❡ ❡♥③✐❛❧❡
❡ ♣ ❡  ✐♦♥❡ ✐❧ ✈❛❧♦ ❡ ❞❡❧ ♣✳✈❛❧✉❡ ♦  ❡ ✈❛ ♦  ✐❛ ♥✉❧❧♦✳
▼■ ▼❊ ▼▼❉❊ ▼❉❊ ❈ 
❛❧♣❤❛✳♦❜  ✵✳✵✵✵✶ ✵✳✵✵✼✽ ✵ ✵ ✵✳✵✶✸✶
◆✉♠❜❡  ♦❢ ◆♦❞❡  ✻✺ ✸✹ ✸✹ ✸✹ ✸✹
◆✉♠❜❡  ♦❢ ❊❞❣❡  ✶✼✽ ✹✶ ✹✶ ✹✶ ✹✶
❚❛❜❡❧❧❛ ✹✳✽✿ ❆♥❛❧✐ ✐  ✉❧❧❡ ♠❡❞✐❡
✹✳✹✳✶ ▲❡ ❛♥❛❧✐ ✐  ✉❧❧❡ ❝❧✐ ✉❡ 
■♥  ✉❡  ♦ ♣❛ ❛❣ ❛❢♦ ✈❡♥❣♦♥♦ ❡ ♣♦  ✐ ✐  ✐ ✉❧ ❛ ✐ ❞❡ ✐✈❛♥ ✐ ❞❛❧❧✬❛♥❛❧✐ ✐  ✈♦❧✲
 ❛  ✉❧❧❡  ✐♥❣♦❧❡ ❝❧✐ ✉❡ ✱ ✐♥❞✐✈✐❞✉❛ ❡ ❞♦♣♦ ❛✈❡    ❛ ❢♦ ♠❛ ♦ ✐❧ ❣ ❛❢♦ ❞❡❧
♣❛ ❤✇❛② ✐♥ ✉♥ ❉❆●✱ ❡ ❞♦♣♦ ❛✈❡ ❧♦ ♠♦ ❛❧✐③③❛ ♦✱ ❡   ✐❛♥❣♦❧❛ ✐③③❛ ♦  ❡ ♥❡✲
❝❡  ❛ ✐♦✱ ❝♦   ❞❛  ❡♥❞❡ ❡ ♣♦  ✐❜✐❧❡ ❧❛  ✉❛ ❞❡❝♦♠♣♦ ✐③✐♦♥❡✳  ❡  ❝♦♥❞✉  ❡
✻✹✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
 ✉❡  ❛ ❛♥❛❧✐ ✐  ✐   ✉ ✐❧✐③③❛ ♦ ✐❧ ♣❛❝❝❤❡  ♦  ♦♣♦❧♦❣②●❙❆✶✶ ❡ ✐♥ ♣❛  ✐❝♦❧❛ ❡
❧❛ ❢✉♥③✐♦♥❡ ❝❧✐ ✉❡✳✈❛ ✳ ❡  ✭✮ ❝❤❡ ♣❡ ♠❡  ❡ ❞✐ ❝♦♥❢ ♦♥ ❛ ❡ ❧❡ ♠❛  ✐❝✐ ❞✐
❝♦♥❝❡♥  ❛③✐♦♥❡✱ ♥❡❧❧❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛❧✐✱ ❞✐  ✉  ❡ ❧❡ ❝❧✐ ✉❡  ❞❡❧
♣❛ ❤✇❛②✳ ❙✉❝❝❡  ✐✈❛♠❡♥ ❡✱ ✉ ✐❧✐③③❛♥❞♦ ❧❛ ❢✉♥③✐♦♥❡ ❝❧✐ ✉❡✳♠❡❛♥✳ ❡  ✭✮
    ❛ ❛  ❡  ❛ ❛ ❧✬✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❡❞✐❡✱ ♥❡❧❧❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐  ♣❡ ✐♠❡♥ ❛✲
❧✐✱ ♣❡   ✉  ❡ ❝❧✐ ✉❡  ❞❡❧ ♣❛ ❤✇❛②✱ ❝♦♥❞✐③✐♦♥❛ ❛♠❡♥ ❡ ❛✐  ✐ ✉❧ ❛ ✐ ♦  ❡♥✉ ✐
❞❛❧  ❡   ❝♦♥❞♦  ♦  ✉❧❧❡ ❝❧✐ ✉❡  ♣ ❡❝❡❞❡♥ ❡♠❡♥ ❡✳ ■♥  ✉❡  ♦ ♣❛ ❛❣ ❛❢♦
✈❡♥❣♦♥♦ ❝♦♥❢ ♦♥ ❛ ❡ ❧❡ ❝❧✐ ✉❡   ✐❣♥✐✜❝❛ ✐✈❡   ❛ ✐ ✈❛ ✐ ♠❡ ♦❞✐ ❞✐  ❡♠♣❧✐✜✲
❝❛③✐♦♥❡ ❡ ✐❧ ♣❛ ❤✇❛② ❡ ♣❛♥ ♦✳ ■❧ ♣❛ ❤✇❛② ♦ ✐❣✐♥❛❧❡ ♣❡   ❛✈❡♥❞♦ ✉♥ ♥✉♠❡ ♦
♠❛❣❣✐♦ ❡ ❞✐ ♥♦❞✐ ❡ ❞✐ ❡❞❣❡  ♥♦♥ ❛✈   ❧♦   ❡  ♦ ♥✉♠❡ ♦ ❡ ❧❛   ❡  ❛ ❝♦♠✲
♣♦ ✐③✐♦♥❡ ❞❡❧❧❡ ❝❧✐ ✉❡  ❞❡❧ ♣❛ ❤✇❛②  ❡♠♣❧✐✜❝❛ ♦✳  ❡   ✉❡  ♦ ♠♦ ✐✈♦ ❝✐
❧✐♠✐ ❡ ❡♠♦ ❛ ❝♦♥❢ ♦♥ ❛ ❡ ✐ ♠❡ ♦❞✐  ✉❧❧❛ ❜❛ ❡ ❞❡✐ ❣❡♥✐ ❝♦♥ ❡♥✉ ✐ ♥❡❧❧❡ ❝❧✐✲
 ✉❡   ✐❣♥✐✜❝❛ ✐✈❡✳  ❡  ❢❛ ❡ ✉♥ ❡ ❡♠♣✐♦  ❡ ❧❛ ❝❧✐ ✉❡ ❳ ♥❡❧ ♣❛ ❤✇❛② ♦ ✐❣✐♥❛❧❡
  ❝♦♠♣♦  ❛ ❞❛✐ ❣❡♥✐ ✶✱ ✷ ❡ ✸ ❡ ❧❛ ❝❧✐ ✉❡ ❨ ❞❡❧ ♣❛ ❤✇❛②  ❡♠♣❧✐✜❝❛ ♦   ❝♦♠✲
♣♦  ❛ ❞❛❧ ❣ ✉♣♣♦ ✶✲✷ ❡ ✐❧ ❣❡♥❡ ✸✱  ✉❡  ❡  ♦♥♦ ❝♦♥ ✐❞❡ ❛ ❡ ✉❣✉❛❧✐✳ ◆❡❧❧❛
 ❛❜❡❧❧❛ ✹✳✾  ♦♥♦  ✐♣♦  ❛ ❡ ❧❡ ❝❧✐ ✉❡ ✱  ✐❣♥✐✜❝❛ ✐✈❡ ❛ ✉♥ ❧✐✈❡❧❧♦ α = 0.05✱
❞❡❧❧❛ ♠❛  ✐❝❡ ✏▼■✑ ❡ ✐  ❡❧❛ ✐✈✐ ✈❛❧♦ ✐ ❞✐ ❛❧♣❤❛ ♦❜ ✳ ♣❡  ✐ ❞✉❡  ❡  ✳ ❖✈✈❡ ♦
❛❧♣❤❛ ♦❜ ✳✶ ❞❡ ❝ ✐✈❡ ✐❧ ❧✐✈❡❧❧♦ ❞✐  ✐❣♥✐✜❝❛ ✐✈✐   ♦  ❡ ✈❛ ♦  ✉❛♥❞♦ ✈✐❡♥❡
 ❡  ❛ ❛ ❧✬✐♣♦ ❡ ✐ ❞✐ ✉❣✉❛❣❧✐❛♥③❛ ❞❡❧❧❡ ♠❛  ✐❝✐ ❞✐ ❝♦♥❝❡♥  ❛③✐♦♥❡ ❡ ❛❧♣❤❛
♦❜ ✳✷ ❞❡ ❝ ✐✈❡ ✐❧ ❧✐✈❡❧❧♦ ❞✐  ✐❣♥✐✜❝❛ ✐✈✐   ♦  ❡ ✈❛ ♦  ✉❛♥❞♦ ✈✐❡♥❡  ❡  ❛ ❛
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♦❧  ❡ ❝❤❡ ❞❛ ❣❡♥✐ ❛♥❝❤❡ ❞❛ ❣ ✉♣♣✐ ❆◆❉ ❡ ❖❘ ❡  ✉❡  ♦  ❡♠♣❧✐✜❝❛ ♥♦✲
✻✻✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
 ❡✈♦❧♠❡♥ ❡ ❧❛ ❧✉♥❣❤❡③③❛ ❡ ❧❛ ♥✉♠❡ ♦ ✐   ❞❡❧❧❡ ❝❧✐ ✉❡ ✳ ❆❞ ❡ ❡♠♣✐♦✱ ♥❡❧
❝❛ ♦ ❞❡❧❧❛ ♠❛  ✐❝❡ ✏▼■✑ ❡ ❛   ❛ ❛ ✐♥❞✐✈✐❞✉❛ ❛ ❝♦♠❡  ✐❣♥✐✜❝❛ ✐✈❛ ❧❛ ❝❧✐ ✉❡
✧❈❉❑✻✱ ❈❈◆❉✶✱ ❈❉❑✹✱ ❊✷❋✶✱ ❊✷❋✷✱ ❊✷❋✸✱ ❘❇✶✧✱ ❝♦♠♣♦  ❛  ✉✐♥❞✐
❞❛ ✼ ❣❡♥✐✳ ◆❡❧❧❡ ♠❛  ✐❝✐  ❡♠♣❧✐✜❝❛ ❡ ✐♥✈❡❝❡  ✐ ✉❧ ❛  ✐❣♥✐✜❝❛ ✐✈❛ ❧❛ ❝❧✐✲
 ✉❡ ✧❈❈◆❉✶✳❈❉❑✹✱ ❊✷❋✱ ❘❇✶✧ ❝♦♠♣♦  ❛ ❞❛ ✉♥ ❣❡♥❡✱ ✉♥ ❣ ✉♣♣♦ ❖❘ ❡
✉♥ ❣ ✉♣♣♦ ❆◆❉✱ ❡  ✉❡  ❛   ❡ ❛  ❛♠❡♥ ❡ ❧❛ ❝❧✐ ✉❡ ✐♥❞✐✈✐❞✉❛ ❛ ❛❧❧✬✐♥✐③✐♦✳
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♠❛  ✐❝✐✳ ■♥ ♣❛  ✐❝♦❧❛ ❡✿
• ♣❙✐③❡ ✐♥❞✐❝❛ ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❝❤❡ ❝♦♠♣♦♥❣♦♥♦ ✐❧ ♣❛ ❤✇❛②❀
✶✷❤  ♣✿✴✴✇✇✇✳❜✐♦❝♦♥❞✉❝ ♦ ✳♦ ❣✴♣❛❝❦❛❣❡ ✴ ❡❧❡❛ ❡✴❜✐♦❝✴❤ ♠❧✴❣ ❛♣❤✐ ❡✳❤ ♠❧
✼✹✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
• ◆❉❊ ✐♥❞✐❝❛ ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ❞❡❧ ♣❛ ❤✲
✇❛②❀
• tA   ✐❧ ✈❛❧♦ ❡ ♦  ❡ ✈❛ ♦ ❞❡❧❧❛ ♣❡  ✉ ❜❛③✐♦♥❡ ❛❝❝✉♠✉❧❛ ❛  ♦ ❛❧❡❀
• PNDE ✭✸✳✾✮ ❝❤❡ ❞❡ ❝ ✐✈❡ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞✐ ♦  ❡ ✈❛ ❡ ❛❧♠❡♥♦ ✉♥ ♥✉✲
♠❡ ♦ ❞✐ ❉❊●✱ ♣❛ ✐ ❛ ◆❉❊✱ ♥❡❧ ♣❛ ❤✇❛② ✉ ✐❧✐③③❛♥❞♦ ✉♥ ♠♦❞❡❧❧♦
✐♣❡ ❣❡♦♠❡  ✐❝♦❀
• PPERT ✭✸✳✶✷✮ ❝❤❡ ❞❡ ❝ ✐✈❡ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞✐ ♦  ❡ ✈❛ ❡ ✉♥ ✈❛❧♦ ❡ ♣✐ 
❡   ❡♠♦ ❞✐ tA❀
• PG ✭✸✳✶✹✮   ✐❧ ✈❛❧♦ ❡ ❞❡❧ ♣✳✈❛❧✉❡ ♦  ❡♥✉ ♦ ❞❛❧❧❛ ❝♦♠❜✐♥❛③✐♦♥❡ ❞✐
PNDE ❡ PPERT✳
❈♦♠❡     ❛ ♦ ❞❡  ♦ ♣ ❡❝❡❞❡♥ ❡♠❡♥ ❡✱ ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❝❤❡ ❝♦♠♣♦♥❡ ✐❧
♣❛ ❤✇❛② ❡ ♣❛♥ ♦    ✉♣❡ ✐♦ ❡  ✐ ♣❡  ♦ ❛❧ ❝❛ ♦ ✐♥ ❝✉✐  ✐ ❝♦♥ ✐❞❡ ✐ ✐❧ ♣❛ ❤✇❛②
 ❡♠♣❧✐✜❝❛ ♦✳ ◆❡❧ ❝❛ ♦ ✐♥ ❝✉✐  ✐ ❝♦♥ ✐❞❡ ✐♥♦ ✐ ❧♦❣✷ ❢♦❧❞✲❝❤❛♥❣❡  ❞❡✐ ❣❡♥✐
❉❊ ❛ ✉♥ ❧✐✈❡❧❧♦ ❞✐  ✐❣♥✐✜❝❛ ✐✈✐   ❝♦  ❡  ♦ ♣❛ ✐ ❛ ✵✳✶✵ ✭ ❛❜❡❧❧❛ ✹✳✶✹✮✱ ❧✬❛♥❛✲
❧✐ ✐  ✐ ❝♦♥  ❛ ✷ ❣❡♥✐ ❞✐✛❡ ❡♥③✐❛❧♠❡♥ ❡ ❡ ♣ ❡  ✐ ✐♥  ✉  ❡ ❧❡ ❝❛ ✐  ✐❝❤❡   ❛♥♥❡
 ✉❡❧❧❛ ✐♥ ❝✉✐  ✐ ❝♦♥ ✐❞❡ ❛ ❝♦♠❡  ✐♥ ❡ ✐ ✧❈ ✧✳ ▲❛ ♣ ♦❜❛❜✐❧✐   PNDE   ❞❡❧❧♦
  ❡  ♦ ♦ ❞✐♥❡ ❞✐ ❣ ❛♥❞❡③③❛ ✭✵✳✻✹✸✻ ❡ ✵✳✻✻✾✼  ✐ ♣❡  ✐✈❛♠❡♥ ❡✮  ❡ ❧✬❛♥❛❧✐ ✐
✈✐❡♥❡  ✈♦❧ ❛ ♥❡❧❧❡ ♠❛  ✐❝✐ ✧▼■✧ ❡ ✧❈ ✧✳ ❊✬ ✐❞❡♥ ✐❝❛✱ ✐♥✈❡❝❡✱ ❡ ♠✐♥♦ ❡
❞❡❧❧❛ ♣ ❡❝❡❞❡♥ ❡  ❡  ✐ ❝♦♥ ✐❞❡ ❛♥♦ ❧❡ ❛❧  ❡ ✸ ♠❛  ✐❝✐ (PNDE = 0.298)✳
◗✉❡  ✐  ✐ ✉❧ ❛ ✐   ❛♥♥♦ ❛ ✐♥❞✐❝❛ ❡ ❝❤❡ ❧✬❛♥❛❧✐ ✐ ❞✐ ❛  ✐❝❝❤✐♠❡♥ ♦ ♠✐❣❧✐♦✲
 ❛✱  ✐ ♣❡  ♦ ❛❧❧❛  ✐ ✉❛③✐♦♥❡ ✐♥✐③✐❛❧❡✱ ✉ ✐❧✐③③❛♥❞♦ ✉♥❛  ✉❛❧ ✐❛ ✐ ❞❡❧❧❡  ✐♥ ❡ ✐
✧▼❊✧✱ ✧▼▼❉❊✧ ♦ ✧▼❉❊✧✳ ❖❧  ❡ ❛❧ ✈❛❧♦ ❡ ❞✐ PNDE✱ ❧❡ ♠❛  ✐❝✐ ✧▼▼✲
❉❊✧ ❡ ✧▼❉❊✧ ♠♦   ❛♥♦ ❣❧✐   ❡  ✐ ✐❞❡♥ ✐❝✐ ✈❛❧♦ ✐ ❛♥❝❤❡ ♣❡   ✉  ❡ ❧❡ ❛❧  ❡
✼✺✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
  ❛ ✐  ✐❝❤❡ ❝❛❧❝♦❧❛ ❡✳ ▲❡ ❛♥❛❧✐ ✐ ♥❡❧❧❛ ♠❛  ✐❝❡ ✧❈ ✧ ❛♣♣❛✐♦♥♦  ✉❜✐ ♦ ♥♦♥
❜✉♦♥❡✱ ♠❛  ✉❡  ♦   ❝♦♥❢❡ ♠❛ ♦ ❛♥❝❤❡ ❞❛✐ ✈❛❧♦ ✐ ❞✐ tA = 0 ❡ PPERT = 1✳
 ❡   ✉❛♥ ♦  ✐❣✉❛ ❞❛ ✐❧ ✈❛❧♦ ❡ ❞✐ PPERT  ✐ ♥♦ ❛ ❝❤❡ ♥❡❧ ❝❛ ♦ ❞✐ ✧▼▼❉❊✧
❡ ✧▼❉❊✧  ✉❡  ♦  ✐ ✉❧ ❛ ✐♥❢❡ ✐♦ ❡ ✭✵✳✷✶✮ ❛  ✉❡❧❧♦   ♦✈❛ ♦ ♥❡❧❧✬❛♥❛❧✐ ✐ ✐♥
✧▼■✧ ✭✵✳✷✾✻✮✱ ❝♦♥  ❛ ✐❛♠❡♥ ❡ ❛ ✧▼❊✧ ✐❧ ❝✉✐ ✈❛❧♦ ❡ ❞✐ ♣ ♦❜❛❜✐❧✐   ❛  ✐✈❛
❛  ✉♣❡ ❛ ❧♦ ♥❡  ❛♠❡♥ ❡ ✭PPERT = 0.678✮✳ ▲✬❛♥❛❧✐ ✐  ♦♣♦❧♦❣✐❝❛  ✉ ✧▼▼✲
❉❊✧ ❡ ✧▼❉❊✧✱  ✉✐♥❞✐✱  ✐ ✉❧ ❛ ❡  ❡ ❡ ♠✐❣❧✐♦ ❡  ✐❛  ✐ ♣❡  ♦ ❛  ✉❛❧ ✐❛ ✐ ❛❧  ❛
 ✐♥ ❡ ✐ ✉ ✐❧✐③③❛ ❛  ✐❛  ✐ ♣❡  ♦ ❛❧❧❛  ✐ ✉❛③✐♦♥❡ ✐♥✐③✐❛❧❡ ✐♥ ❝✉✐  ✉  ✐ ❣ ✉♣♣✐ ❖❘
❡ ❆◆❉  ✐ ✉❧ ❛♥♦ ❡ ♣❛♥ ✐✳ ◗✉❡  ❛  ❡♥❞❡♥③❛    ✐ ❝♦♥  ❛ ❛ ❛♥❝❤❡ ❞❛✐ ✈❛❧♦ ✐
❞✐ PG✳
▼■ ▼❊ ▼▼❉❊ ▼❉❊ ❈ 
♣ ❙✐③❡ ✻✽ ✸✹ ✸✹ ✸✹ ✸✹
NDE ✷ ✷ ✷ ✷ ✶
PNDE ✵✳✻✹✸✻ ✵✳✷✾✽✷ ✵✳✷✾✽✺ ✵✳✷✾✽✺ ✵✳✻✻✾✼
tA ✲✶✳✶✼✵✾ ✲✵✳✹✻✸✸ ✲✶✳✼✸✸✷ ✲✶✳✼✸✸✷ ✵
PPERT ✵✳✷✾✻✵ ✵✳✻✼✽✵ ✵✳✷✶✵✵ ✵✳✷✶✵✵ ✶
PG ✵✳✺✵✻✹ ✵✳✺✷✺✼ ✵✳✷✸✻✸ ✵✳✷✸✻✸ ✵✳✾✸✽✷
❚❛❜❡❧❧❛ ✹✳✶✹✿ ❘✐ ✉❧ ❛ ✐ ❙ ■❆ ❝♦♥ ❉❊● ❛ ✉♥ ❧✐✈❡❧❧♦ ✵✳✶ ❞❡❧ ♣✳✈❛❧✉❡ ❛❞❥✳
❉❛❧ ♠♦♠❡♥ ♦ ❝❤❡ ❝♦♥ ✐❞❡ ❛ ❡ ❝♦♠❡  ♦❣❧✐❛ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡ ❞❡✐ ❣❡✲
♥✐ ❉❊ ✉♥ ♣✳✈❛❧✉❡ ❝♦  ❡  ♦  ✐ ✉❧ ❛ ✉♥ ❛♣♣ ♦❝❝✐♦ ♠♦❧ ♦ ❝♦♥ ❡ ✈❛ ✐✈♦✱  ✐  
❞❡❝✐ ♦ ❞✐  ✐♣❡ ❡ ❡ ❧✬❛♥❛❧✐ ✐ ❝♦♥ ✐❞❡ ❛♥❞♦ ❝♦♠❡  ♦❣❧✐❛ ♣❡  ❧✬✐❞❡♥ ✐✜❝❛③✐♦♥❡
❞❡✐ ❣❡♥✐ ❉❊● ✉♥ ♣✳✈❛❧✉❡ ♥♦♥ ❝♦  ❡  ♦ ♣❛ ✐  ❡♠♣ ❡ ❛ ✵✳✶✵✳ ■  ✐ ✉❧ ❛ ✐
 ♦♥♦  ✐♣♦  ❛ ✐ ♥❡❧❧❛  ❛❜❡❧❧❛ ✹✳✶✺✳ ■♥  ✉❡  ♦ ❝❛ ♦ ✐❧ ♥✉♠❡ ♦ ❞✐ ❣❡♥✐ ❉❊
♥❡❧❧❛ ♠❛  ✐❝❡ ✏▼■✑   ✶✹✳ ■♥ ✏▼▼❉❊✑ ❡ ✏▼❉✑ ✈❡♥❣♦♥♦ ✐❞❡♥ ✐✜❝❛ ✐ ✶✷ ❣❡♥✐
❉❊✱ ♠❡♥  ❡ ♥❡❧❧❡ ❛❧  ❡ ♠❛  ✐❝✐ ✐❧  ✐ ✉❧ ❛ ♦  ✐ ✉❧ ❛ ♠❡♥♦ ❜✉♦♥♦✱  ♦♣ ❛ ✲
 ✉  ♦ ✐♥ ✏▼❊✑ ✐♥ ❝✉✐  ♦♥♦ ✐❞❡♥ ✐✜❝❛ ✐  ♦❧♦ ✼ ❣❡♥✐ ❉❊✳ ■❧ ✈❛❧♦ ❡ ❞✐ PNDE
✼✻✹ ❉❛ ✐  ❡❛❧✐ ❡  ✐ ✉❧ ❛ ✐
❞✐♠✐♥✉✐ ❝❡ ❞ ❛  ✐❝❛♠❡♥ ❡ ✐♥  ✉  ✐ ✐ ❝❛ ✐   ❛♥♥❡ ✐♥ ✏▼❊✑✱ ❞♦✈❡ ❛✉♠❡♥ ❛✳
■❧ ✈❛❧♦ ❡ ❞✐ PPERT ❛✉♠❡♥ ❛ ♥♦ ❡✈♦❧♠❡♥ ❡ ✐♥ ✏▼■✑ ✭❞❛ ✵✳✷✾✻ ❛ ✵✳✻✼✼✮✱
❛✉♠❡♥ ❛ ❞✐ ♣♦❝♦ ✐♥ ✏▼▼❉❊✑ ❡ ✐♥ ✏▼❉❊✑✱ ♠❡♥  ❡ ❞✐♠✐♥✉✐ ❝❡ ♥❡❣❧✐ ❛❧  ✐
❝❛ ✐✳ ❊✬ ♥♦ ❡✈♦❧❡  ♦♣ ❛  ✉  ♦ ❧❛ ❞✐♠✐♥✉③✐♦♥❡ ❝❤❡ ❤❛ ❛✈✉ ♦ ✐♥ ✏❈ ✑ ❞♦✈❡ ❧❛
♣ ♦❜❛❜✐❧✐   ♣❛  ❛ ❞❛ ✶ ❛ ✵✳✹✾✽✳ ■♥✜♥❡ ✐❧ ✈❛❧♦ ❡ ❞✐ PG✱  ✐ ♣❡  ♦ ❛❧❧✬❛♥❛❧✐ ✐
♣ ❡❝❡❞❡♥ ❡✱ ❛✉♠❡♥ ❛  ✐❛ ✐♥ ✏▼■✑ ❝❤❡ ✐♥ ✏▼❊✑✱ ♠❡♥  ❡ ❞✐♠✐♥✉✐ ❝❡ ✐♥  ✉  ❡
❧❡ ❛❧  ❡  ✐ ✉❛③✐♦♥✐✳
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PNDE ✵✳✹✺✷✷ ✵✳✺✵✷✻ ✵✳✵✷✷✺ ✵✳✵✷✷✺ ✵✳✸✸✺✹
tA ✲✵✳✼✽✻✷ ✲✵✳✻✶✽✷ ✲✶✳✾✸✼✷ ✲✶✳✾✵✶✺ ✲✵✳✽✹✷✺
PPERT ✵✳✻✼✼✵ ✵✳✻✵✸✵ ✵✳✷✼✼✵ ✵✳✷✽✻✵ ✵✳✹✾✽✵
PG ✵✳✻✻✽✺ ✵✳✻✻✹✾ ✵✳✵✸✼✾ ✵✳✵✸✽✾ ✵✳✹✻✺✾
❚❛❜❡❧❧❛ ✹✳✶✺✿ ❘✐ ✉❧ ❛ ✐ ❙ ■❆ ❝♦♥ ❉❊● ❛ ✉♥ ❧✐✈❡❧❧♦ ✵✳✶✳
✼✼✺ ❈♦♥❝❧✉ ✐♦♥✐
◆❡❧❧✬❛♠❜✐ ♦ ❞❡❧❧❡ ❛♥❛❧✐ ✐ ❞✐ ❡ ♣❡ ✐♠❡♥ ✐ ❞✐ ♠✐❝ ♦❛  ❛②   ❛ ❞✉❡ ❣ ✉♣♣✐ ❞✐
❝❛♠♣✐♦♥✐ ✐  ✐ ✉❧ ❛ ✐ ❝❤❡ ✈❡♥❣♦♥♦  ♣❡  ♦ ❢♦ ♥✐ ✐ ❝♦♥ ✐  ♦♥♦ ✐♥ ✉♥❛ ❧✐  ❛ ❞✐
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